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On p-adic Dedekind-Rademacher sums attached to Dirichlet characters

KOZUKA Kazuhito!
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Abstract The purpose of this paper is to generalize the author’s preceding work on the construction of a
p-adic analytic function interpolating the Dedekind sums attached to Dirichlet characters and the calculation of
the radius of convergence of the function We define the generalized Dedekind-Rademacher sums by making use
of Dirichlet characters and deduce an expression of the sums by the generalized Euler numbers. Applying the
expression, we construct a p-adic analytic function interpolating the generalized Dedekind-Rademacher sums.
The function is expressed as a linear combination of some p-adic functions interpolating the Euler numbers.
The main result is the explicit expression of the radius of convergence of the function. Except for some special
cases, the result is an analogue to the one for the Kubota-Leopoldt p-adic L-function, which interpolates the
generalized Bernoulli numbers p-adically and plays an important role in the Iwasawa theory for cyclotomic
fields.

Keywords [p-adic interpolation, Dedekind sums, Dirichlet character]

1 Introduction

For any real number z, we denote by [z] the greatest integer not exceeding x, put {z} = x — [z] and define

(@) {z} — 3 if z is not an integer.
€T =

0 if x is an integer.

For positive integers h and k, the classical Dedekind sum s(h, k) is defined by

= () <1>

mor

The sum first appeared in Dedekind’s study on the transformation properties of the n-function (n(z) =
emi2/12 [ - e?™2)) under the modular group and in the case of ged{h,k} = 1 Dedekind showed the

following reciprocity formulal):
12hk{s(h, k) + s(k,h)} = h* — 3hk + k* + 1. (2)

Generalizations of Dedekind sums and their reciprocity formulas have been studied extensively with many
methods.

For each non-negative integer n, let B, and B, (X) be the nth Bernoulli number and polynomial respec-
tively, and define
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As a generalization of s(h, k), Apostol defined the nth higher-order Dedekind sum as

wni= 3 5(2)(%) e

A mod k
and he generalized the formula (2) as
A n+1 -
(n+1) (k" sn(h, k) + B"ksn(k, 1)) = nBni1 + < ; >(—k)”+1_JhJBn+1_ij (4)
7=0

for positive integers h and k with ged{h, k} =1 and odd n.
As a natural generalization of (3), we can define

SN S NCTXCY 0

A mod k

for non-negative integers m and n. Further for real numbers o and (3, we extend the sum (5) as

e I I

which is often called the Dedekind-Rademacher sum. The reciprocity formula for (6) is studied by Radema-
cher and Carlitz3~?).

In addition to the reciprocity formulas, Rosen and Snyder constructed a p-adic interpolating function
for the sums (3)6). The function is an analogue of the well known Kubota-Leopoldt p-adic L-function
which interpolates the generalized Bernoulli numbers and plays an important role in the Iwasawa theory for
cyclotomic fields. Later, Snyder generalized the construction slightly and deduced a p-adic version of the
reciprocity formula (4)7). Further Kudo constructed a p-adic interpolating function for the sums (5) and

8.9) For the p-adic function constructed by Kudo, the author studied the explicit

deduced many properties
value of the radius of convergence '9). Besides, by generalizing the sums (5) by means of Dirichlet characters,
the author constructed a p-adic interpolating function for the sums and deduced the value of the radius of
convergence!l).
The purpose of this paper is to extend the study of the paper'?. We generalize the sums (6) by Dirichlet
characters, construct a p-adic interpolating function and deduce the value of the radius of convergence.
Throughout the paper, we denote by Q, Z and N, the rational number field, the ring of integers of Q

and the set of positive integers, respectively as usual, and denote the set of non-negative integers by N.

2 Definition of Dedekind sums attached to Dirichlet characters

As in the introduction, let B, and B,(X) be the nth Bernoulli numbers and polynomial, respectively,
defined by

o0

tTL

n=0

and define B, (z) = B,({z}).

For any primitive Dirichlet character x, we denote by f, the conductor of x and denote by I, the ring

of rational numbers of which the denominators are relatively prime to f,. For any x € I,, we can define the
value y(z) by multiplicativity. We define the twisted Bernoulli function B, () attached to x by

fx—1

Z x({z} + p)telzttolt i t

n

efxt — 1
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or equivalently

) =Y xetnB, (S0,

pmod fy I

Let x and 1 be primitive Dirichlet characters, m,n € N, h,k € N and o, € I, N I;. We define the
generalized Dedekind sums attached to x and ¥ by

S0, n:0) (Z g) = D Bnx <Azﬁ> By <h(A,€+ﬁ) —a> : (7)

A mod k
3 Expression by Euler numbers

For a parameter u, we define the n th modified Euler numbers E, (u) for n € Z with n > —1 by?)

u E_1(u = "
R RO ML
n=0

Note that E_1(u) # 0 only if u = 1. We put # = max{n, 1} for n € N. Then we have nFE,_1(1) = B, for
n € N. It is known that for any A € Z, ¢, k,n € N and for any kth root of unity &, we have!?

k" B, <> =7 Y En1(Q)¢Y, (8)

Ck=1
B =1 Y B )ff ©
j mod k
and
> En(un) = "B, (u). (10)
ne=

For a primitive Dirichlet character x, we define the numbers F,, , (u) (a modification of the generalized

Euler number'®)) by

A uh = +2Enx

Note that E_;,(u) # 0 only if u is a primitive f,th root of unity. Note also that nFE,_; x( ) = By, for
n € N. Let ¢, be an arbitrarily chosen primitive f,th root of unity and put 7(x,¢y) = Zp 0 X( )¢, the

1
fXZ X qu pep E LX
P_

Gauss sum attached to x and (,. Then

Fo-l
x(p)ulx— ”e” _ 066D N X Hp) G
Z_ efx

_ fX = et — Cxpu ’
which implies,
(X Gx) -
B (u) = fix Z X () En (CPu). (11)
X pmod fy

Hence if ged{k, fy } = 1, as generalizations of (8), (9) and (10), we deduce that

X(k)knén,x (2) =n Z Enfl,X(C)<A7 (12)
=
B &) =W S By (1) €7 (13)

j mod k



—4- INFRIN

and

Y Bux(un) = x()" By (uf). (14)
n°=1

For g € N, let J(g) denote an arbitrarily fixed complete set of representatives of the residue class group
Z/gZ. For g1, gm, we put J(g1, -+ ,9m) = J(g1) X - -+ X J(gm). For ¢ € N with ¢ > 1, we denote by V.
the set of non-trivial cth roots of unity. As for the expression of the sums (7) by the Euler numbers, we
have the following.

PROPOSITION 3.1. Let x and v be primitive Dirichlet characters and let h,k € N. Let o, 8 € I, N Iy, and
express o = a/d and B = b/d with d € N,a,b € Z. We suppose that gcd{h, k} = gcd{kd, f\ fy} = 1. Let (rq
denote an arbitrarily chosen primitive kdth root of unity and put (; = ng and (g = Cl]jd. Then we have

() (B) (K™ ™ S 0 (h ’f) .6

B Ty

_ i % b, ai (hb—ka
x > VD) Bt x (G ) B 1 (GG M) ¢ RO (15)
(i,j17j27p)ej(k,d,d,f¢)

Further if c € N with c=1 (mod fykd) and ¢ > 1, then

(C‘_1ﬂxkadﬂkdyﬁ'5@n@(n¢><h Z) :7hﬁTO?:@)

hi bj1—ai+jo(hb—k
x 3y S 0 0) Bt (G ) Bt (G ¢ T IR (1)

(i7j17j27p)€‘](kvd»d’f¢) nevc

Proof. We see from (12) that

A+6>

X(kd) (kd)"™ B (k Ad + b)

= y(kd)(kd)" By, | ———
) bd)" Bo (2
- Z Em 17X(C—hll+k]1)dehll+kjl)()‘d+k)

(1,51)€J (k,d)

and

btk B ("2 < a)

hAd + hb — k:a)
k

= (kd)(kd)" By < kd

- 7 Z (sz-i-k‘jz )Cklg-‘rk‘jz (Ad+b)—ka) )
(i27j2)€J(k7d)

Note that for iq,i2 € J(k) we have Z/\EJ(,C) de ati2)Ad+d) _ g g according as i1 = 49 or i # io. Hence

by (7) and (11), we obtain (15). In addition, applying (14), we also obtain (16).

4 p-adic interpolation

Let p be a prime number. If p > 3, we put e, =p—1and ¢q =p. If p =2, we put eg =2 and ¢ = 4. In
this section we construct a p-adic interpolating function for the sums (7).
As usual, we denote by Q,, Z, and C,, the rational p-adic number field, the ring of integers of Q, and
the completion of the algebraic closure of Q,, respectively. Let | |, denote the p-adic valuation of C,
normalized by [p|, = 1/p. For any u € C,* with |1 —uP|, > 1, the Koblitz measure M, on Z, is defined by

" —y

uP
1—uP

My (V + p"Zp) =
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for any n,v € N with 0 < v < p” — 1 and we have
/ " dMy(x) = E,(u) and / " dMy(x) = Ep(u) — p"Ep(uP).
Z, Zy

Let w, denote the Teichmiiller character for p and put (z) = x/wy(x) for x € Z;. We put

Gp(s,u) :/Z (x)’dMy(z) for s € Zp, (17)

X
P
which is the p-adic I'-transform for the measure M, and satisfies an interpolating property such as

Gyln.w) = B, o (u) = "B, n (uP) (18)

n,wp

for n € N.

As in Proposition 3.1, let x and 1 be primitive Dirichlet characters and let h,k € N. Let o, 3 € I, N I
and express a = a/d and 8 = b/d with d € N,a,b € Z. We suppose that gcd{h, k} = ged{kd, f\fy} =
ged{p, kdfy fy} = 1. In addition, we choose and fix integers ¢,p’ € N with ¢ = 1 (mod gkdfy), ¢ > 1 and
pp’' =1 (mod kdfy). For each m € N, we set

Tzim (SaXﬂﬁi (Z g)) — ka(lﬂf;@))

X Z Z B 14 k—dh¢+kj1) 2j1—ai+j2(hb—ka)Gp(s’ ;i;kh?]). (19)
(i,51,42)€J (k,d,d) n€Ve

Then by Proposition 3.1 and (18), we deduce that

TS, (n Ay <h k)) = ik(c™ — 1) () (kd) (kd) ™

a f
hok . ohk
X <S<m,x),(n,w) (a B) = 7P " S(m ), () <p,a 5))

for any n € N with n =1 (mod ep). Now we define

hok 1 ) ok
Spam <8’X’¢: (a 5)) = k(e = 1) (e (kd) (kd)d < d > 1P (S’X’w ' (a 5)) - (20)

which is independent of the choice of ¢. Then we obtain the following.

THEOREM 4.1. We have the interpolating property such as

hok o ok vhok
Sp,m <n - 17X7w: (a 6)) =nk (S(m,x)y(n,d)) <C¥ 5) - w 1(p)p S(m,x),(n,d)) <p/04 B))

for any n € N withn =1 (mod ep).

5 Radius of convergence

By (17), the function Gy (s, u) is expanded at any so € Z,, as

Gp(5,1) =) Cnauso(s — 50)" (21)

n=0
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with 1
Crousy = n'/ (log, <z >)" <z > dMy(z).
Z;

Hence we can enlarge the domain of definition of the function G,(s,u) from Z, to the set of s € C, for
which the right-hand side of (21) converges. For the same reason, the domain of definition of the function

Sp.m (s, X, : (Z Z)) can be enlarged. Let r,,(x, v, h,k,a, B : sp) denote the radius of convergence of

h k
the expansion of Sp <s, X, ( ﬂ)) at sg € Z,. In order to study the value, we first recall the main
«@
result of Section 3 of the paper!?).
Let Z be a finite set and consider functions
U:ZT—C) and A: T~ C,.
For each i € Z, put U (i) = u; and A(i) = a; and suppose that |1 —u?|, > 1 for all i € Z. We put
Gp(s:UA) = ZaiGp(s,ui)
i€l
and denote by 7(U, A : sg) the radius of convergence of Gp(s : U, A) at sg € Zy,. Let T = {i € Z||u;|p, < 1},
Z_ = {i e I||lui|lp, > 1} and Zy = {i € Z||u;|p, = 1}. For each n € N, we put
No = {p € N|ged{p,p} = 1,| < > =1[, = allplp ™"}
If there exists an integer n € N such that either
Z aul’ — Z au; ' #0 or Zai(uf—ui—lﬂ)#()
1€L €L 1€Zp

holds for some p € N, we denote the minimum of such n by n(U,.A). Otherwise we put n(U, A) = oc.

Then we have!?)

L nUA)+L, .
plp™ lal; i n(U, A) # .
00 if n(U, A) = oc.

r(U,A: sp) = (22)

Now we put r (Sp,m (s;x,w (h Z)) : 80) = (X, ¥, b, k, o, B 1 sg) for sg € Z,. Further, we introduce
o

following subsets of Q :
By = {7 € Q| By (x) = 0} and Cy\ (e, A) = {2 € Q|Bp (A +2) — By (A —1z) =0} for A€ Q.

The main result is the following.

THEOREM 5.1. Let h' € Z be an arbitrary integer such that hh' =1 (mod k).
(1) If 2(hB — ka) ¢ Z, then
A+

k
00 otherwise.

1
plp~ gl if ¢ By, for some \ € Z.

7,’m(Xflpaha]{;705718 : 30) =

(2) If 2(hf — ka) € Z, then

T'm(waa h7k7a76 : SO)
1 _p _ N o
]p|§71 |q!;1 if W(hS 2 ko) + A ¢ Cry <¢(—1), b (}IZB ka)) for some \ € Z.

00 otherwise.
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Proof. By (19) and (20), it is sufficient to prove the assertion for

T <5,x,¢ . (h g)) instead of S, m (s,x,qp: (Z Z)) We put Z = J(fy) x J(k) x J(d) x V.. For

[0
each (p>i7j2a77) € Z, we put

kj hi+k bj1—ai+j2(hb—k
Cw o 2 and a(p, i, j2, 1 Z ¢ (p) B 1x (Ca o Jl)fdjl aitfa(hb—ka)
J1€J(d)

U(Pv@]é» )

Then by (19), we see that

h k
T;im (S;Xﬂ/) <O[ ﬁ)) = Z Q(P,i»jz,ﬂ)Gp(Svu(P,i,]éﬂ?))-

(pyisg2,m)el

Note that |u(p,i,j2,m)|p, = 1 for all (p,1, j2,n) € Z. For u € N, we put

Fp) = > alpi,jo,n)(ulp,i, jo, n)* = ulpi, ja,n) ")
(pyisj2,m€ET

_ Z Z Y (p) B LX(Ckhz+kd)CSj1*ai+j2(hb*ka)

(pyi,j2:m€ET j1€J(d)

(OGP = (6™ m) ™).

Note that >~ ¢ () @b_l(p)lep“ = Y(£p)7(¢1, ¢y). For any z € Q, put ®(z) = 1 or ®(x) = 0 according
as x € Z or x ¢ Z. Then

Zni“:@( )c—l and Z Cj2hb ha) ik]w <I)<hb_]:lai'u>d

neJe je€J(d)

Further for any r1,72 € C,, let us write r; ~ 7o if 1 = ror for some r € C;. Then we can express

Fp)~v) D> Enoia(Gy

(i.j1)€J (k) J(d)
in—ai i hb — ka + -3 hb — ka —
e (B822) s (A
Applying (13) we also deduce that
T hi—kj1)T
Fy v Y Y B () e

(i,j1)€J (k) x J(d) T€ I (kd)
1 —ai i hb—ka+ i hb_k'a_
X ?1 <CI<:I(§(I) (dM) —(-1)¢ 1P (d#>> )

Note that 2 ¢ s Gt C = X ien@ €877 = (b — d)/7)d. Hence

Z Z <b+7d>

iedJ(k) Ted(k)

(Ckhb ka-tpcthrd)ig, (hb—/;aJrM) _ p(—1)lbhamprthrdig (hb—za—/t))_
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If hb — ka+ p#0 (mod d), then F(u) =0. If hb — ka + p =0 (mod d), we can express hb — ka + p = 11d
for some 7 € Z. In addition, if 2(hb — ka) # 0 (mod d), then hb — ka — pp = 2(hb — ka) — 11d # 0 (mod d)

and we see that

b+7d T1+hT)i 5 _hl
Z Z - ( T ><.I§ +h) Nw(M)Bm,X (B k 7_1>‘

ieJ(k) red(k

If (A + B)/k ¢ By for some A\; € Z, then by the assumption ged{ fyp, kd} = 1 there is an integer p; € N;
satisfying p11 = —hA\id — hk + ka (mod kd) and ged{p1, fy} = 1. For such py, we have

~ A
F(pr) ~ Bm,x( 1]:_6>

1
This implies F(u1) # 0 and by (22), we conclude that ry,(x, ¥, h,k,a, 8 : s9) = \pIF\qu. On the other
hand if (A + B)/k € By, for all A € Z, considering the case of hb — ka — p = 0 (mod d) in the same way,
we see that F(p) = 0 for all © € N. Hence we conclude that r,(x, ¥, h, k,a, 5 : sg) = 00
Finally let us consider the case of 2(hb — ka) = 0 (mod d). In this case if hb — ka + p =0 (mod d), we
can express hb — ka + p = 71d and hb — ka — p = 2(hb — ka) — 11d for some 11 € Z and

F) ~ b <Bm (6 _kh/ﬁ> ~ YD B <5 B hlﬁ))

~ P(u) (Bm’X (xB — h/(hﬁ — ka) n _h/<h/8 — ka) + h/7-1>

k k

~(=1) B ( p - p

Hence in the similar way as in the case of 2(hb — ka) £ 0 (mod d), we obtain our assertion. This completes

B-H(hB—ka) —H(hB—ka)+ h'n>>

the proof.

If x is trivial, making use of some fundamental properties of Bernoulli numbers and polynomials, we can
deduce more explicit results as the following.

COROLLARY 5.2. If x is trivial. we have

1
rm(X ¥, hy ko, B s0) = [plp " gl !

except for the following cases :
Case 1: 2(h3 —ka) ¢ Z, m =
Case 2: 2(hf — ka QEZ,mE
Case 3:
Case 4: 2(hfB — ka

( )
2 )
( )
Case 5: 2(hf — ka)
( )
( )
( )
( )

=
o
2
&
>
|
—
=
m
_I_
N

Case 6: 2
Case 7: 2(hf — ka

Case 8: 2(hf — ka
Case 9: 2(hf — ka

1 /~c>3 m =0 (mod 2), 2,25 € Z.
1
—-Lk=lLm=18¢€;+Z
=—-1, k=1, m=1 (mod 2) with m > 3, 208 € Z.

1
Case 10: 2(h8 —ka) € Z, Y(-1)=—-1, k=2, m=1,2a € Z, B € §+Z.
Case 11: 2(hf — ka) € Z, Y(—1) = -1, k=2, m =1 (mod 2) with m > 3, 2«,25 € Z.
Case 12: 2(hB — ka) € Z, p(-1) = -1, k=2, m =1 (mod 2) with m > 3, 2a € + + Z, € Z.
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Case 13: 2(h —ka) € Z, Y(—-1)= -1, k>3, m=1, 2a,25 € Z.
Case 14: 2(hf — ka) € Z, p(—1) = -1,k >3, m =1 (mod 2) with m > 3, 2a, 3 € Z.

In these exceptional cases, we have
Sp.m (s;x,w (h k)) =0 (identically).
a p
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Application of Tent Map to Chaotic Encryption in Massive MIMO Using BP Decoding

SAKODA Kazuyuki! and TANIGUCHI Rina
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Abstract In wireless communications, chaotic encryptions at the physical layer provide enhanced

security. Recent study has reported that the chaotic encryption works within a massive MIMO (Multiple-

Input Multiple-Output) using Belief-Propagation decoding. However, it is pointed out that the chaos

equation used in the previous method is a logistic map, which can be easily incorporated, but is not

suitable for an encryption due to the biased distribution of pseudorandom numbers. A chaotic map that

can be easily introduced into the previous method is the tent map. The tent map is considered suitable

for cryptography because the distribution of pseudorandom numbers is uniform distribution. In this

study, we propose a method to introduce a tent map to chaotic encryption. We numerically evaluate

decoding accuracy, secrecy capacity and computation time of the proposed method. The results suggest

that the proposed method performs as well as or better than the previous method.
Keywords [Chaos, Encryption, Massive MIMO, BP decoding]
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Fig. 1 Chaotic encryption and BP decoding applied to massive MIMO
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FAET 2D 0 5, R, BRI DA ARE A4 A5
B L BB X a2 D0 A AR BT, LB D)
PR[AE THER T & | ASDREEN/ NS\ A2
55 & MIMO (it L7 A4 & MIMO 1%, 15 1cB1T 5
BEOGSLEX2 )T A OFEITEAESRTND
1D U LR B, A A MIMO & K HA MIMO 1k4
e HEITMD ZHWTWAH T, BHEERREAE
L BENRHERCOESNRNETH L, £ 2T,
73 7 A MIMO {Z BP 15 548 i 2 HIV KRB MIMO k% 7]
REETDTE Fig 1) BMHREIHTHD B9 —h

;% 10°

6

[}
T

EN
T

w
T

Frequency

0 0.2 0.4 0.6 0.8 1
Value of chaotic map

Fig. 2-1 Frequency distribution of the

logistic map

WZE D KB MIMO O#EE L A P IZHE B A E AT
X, X2 VT4 DR ERRIAD D, Z0OHF A
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V. BEbInfGEEbRY OboESTL D, Ky
(b ENTAE 5 % BHEE Mg R A D56, —KIC
FRLELEIIR D BN N R TONRNE — o B ER
THOVLEND Y | RN L 725, EHIZRY 27
E9 5 & BAEBEORWVEDLRKET 5 Z & CiFs
DB 2 8HE L D A RTREMER S S, TR
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MR ENTND 9,
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2 VRTFLETIERIFE

TITEHVATAETATH DI A AR KON BP
EEM A - KEAE MIMO @3 27 AET L &
FIETO I A ARG FALDFIAE BT D,

2.1 YRAFLETI

VAT HNET IV, EET T T M ZET T
FH N ORKE MINO 85 F 2B 25, FEHIE.
B AN R B A (Serial Parallel
Conversion, S/P) &EET v 7 THk I, %213
X, ZET 7+, WEAEH#ES (Parallel Serial
Conversion, P/S) & BP1E EfaHias CHERk =415 (Fig.
1), ZOWEYAT A3 dmgns 5 5 Achy ., &
B0 & SZAFMC MAR D BT % R Sl -

l—()= (KIIKZI'"'KM) (1)

RO, ZOEERWT, EEAEEEL L, ZEW
S SN EEEEETT 5, BE#EZFF > T
W SEIIZEEEEFEZ L CHLESNRETH D
TeORERE & 725, BET—X1E, MEOEFE v
k

b = (by, by, .., by,), ()

b; €{0,1}fori =1,2,--, N

T, WA ARSI LD . =G

%f Lj:\

s
s

X = (xl'xZ'""th)’ ©)
X = xi(bi,I?),
i=12- N,

L2 h, RIFIETORSALOFEMIL 2. 2 §i, RETFE
TORBLOFEMIL 3 ETHRARD, xZEEFY AL
LIER, BHET T FIT 1 TR0 M THA, A
ZIFEWE CZET T HCHE SN, BRI E
% 2SI DRERIT~ VTSR T ¥ oL EFEEI, NAT
NANDBEHATHIHTE SN D, ZIEEZIE

j=HR+17 (4)

LFRED, ZIT i IIT 0 THHGED A ST
b5,

ZIER I, ZEERINORET —¥b% BP EE
BRI CHEET %, 56~ T, 87— #bik, HE B L
LT, y. HEKDR#

b=b(51K) (5)

LET D, B, Z2TO B ESRHITATTE DI
BHAAAREFITHE LIZbDTH %,

2.2 HIFEATOIHFRES

T TIREE L ORATHIIE TH DRITIE YT BP
BEREIES LT 4 ARG RISV CEB T %, B
FIETOIF AR ZIX, A A MIMO TORE5{b % 3
W BPEBRECE DL ICHEMBRI N TV D, 20
FEHIZOWTIEOSCHR 19) 25 E -y, 77, #E
BITIERE SO ERK, ZVIHEE L, I A A GHT
HOEOTAT 4 v I BB TIXIAEHRTHZ LT, #H
REHK

kmi = f (Re[Kp]) + jf ! (Im[Kp]) (6)
G5, ZIT, fOEFuYAT 4 v 75

f(2) =3.91z(1 - 2) (7)

ThHO ., UIFGER A RO DT A= ThD, b

1o, A En T MEOESE A

M
S = %mZ:l(Re[kmi] + Im[kmz])

- exp[8mj(Re[kpny | — Im[k; D] (8)

DX DITIMEET 5, &Ik b L7zis 5o v
AT

1 Im[s;]
Re[si]]'

2i -1 Im([s;] b =0
exp[ J (tan Re[s,] + n)], ;=

exp [than‘ b;=1

9)

X; =

T D,
3 REFE

TR RIREOR VAT 4 v VBB ET U NE
BICHE X TR BEFETON A AREZITON TR
/\“Z)O

3.1 BEFX
RETFIETOIAAREZIT, AIFEOXD 2T
R
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Table 1 Simulation condition
mEFE | wMFEE | 3EFBI BEF2
Modulation method Choatic encryption BPSK
Chaotic map tent | Logistic | Henon -
Num. of chaotic map iteration =10 —
Size of encryption key M =10 —
Num. of antennas Ny =N, =12
Channel i.i.d. Rayleigh fading
Receive channel state information Perfect
Decoding method BP decoding
Num. of BP iteration Niter = 20
9y gl XHE VTN AR Lz, 2D Ol FEBRIX
g9(2) = 2 (10)  MATLAB® CfF-o7=,
2(1-2), z =
4.1 EHEEM

ICEEHZ D, ETEL. ZnEHWTZ A4 AR5
% BP g Bh 2 W72 KA MIMO I B A L2 DT
H5,

4  HIESEERIC & 5 FHH

R TFIEOMREZ M T 5720, [F RIS
FHEEFHE], R R X 2 U T 4 PERRIC OV TR E
BRAATV, BIFRE, Z2EFEL 2 LR 5,
SEFIE VIV ARBB/IZE ) VEGER NSO,
BB P 2 1IN A AR5 E21TOT, HEE T
7253715 BPSK (Binary Phase Shift Keying) %
HNTeb D ThH D, B, =/ UVEBIT%ET 55
(11) TR, ERINDRLELEICR Y 3700, £
NOHICHET 2355013 Table 1 @Y & Lz, RET
— X OBEFITEMRTOEIT 12D L L, BES
AR LT, F % RAATHIOEFRRITFEE 0, ikl O
BHRHT T AGHCNODITHE ) B E L1z, ZEESE
WCEENIHEFITAGBME LIE L., EREIT U A0
CN(0,c)IZHE D FLER & Uiz, T O EIIE BE T &
MEEE O THS SN b (SNR, Signal to Noise
Ratio) ZMH\WT, 62 =10"5N/ L L7z, £ TOHHK

4 SDOFETO BP FEMM & 5DE SIS
FHERER & bl U 72 fE & Table 2 1R T, ZNZEH
OAEIE, 10 [EFRITIS D D o T3 HE R 2N, = 205%
FIE2 THRILLEZLDTHD, NBSHEZ D EEDF
EHRIERF M EINT 5, fETELESBETIEL 2
BT 5 L. ZEFELOFHERFHNE hole, =/
NECEC W

— 2
mnZoe ™ @

TRIND 2 EHENI B ThH LT, 1 BHGHT
HOLRETEL Y LHERHNES oo B 2D
N5, MEPFELFHELZK TS L, DTHeRD
METFEOHERRINELS eote, TV FNEMHf LY
AT A7 GHBOELLY | BREBTH LN, T
N AL TIXFH RIS BB RTEO BN BRI A 72 < 72
HIENERTHDEEZLND, Kb EITH) 3T
EOR T, REFIEOERRN—FHNZ L3 b
Moz, B, BEbEIThR\\SE Tik 2 OFHRE
BN —FELS D EIZEATH B,

Table 2 Computation time for decoding

N 2 4 5 8 12 16 24 32 64
Proposed method 1.06 1.15 1.22 1.54 2.07 3.22 5.10 7.46 22.75
Previous method 1.16 1.29 1.38 1.74 2.36 3.62 5.65 8.21 23.81
Method 1(Henon) 222 2.44 2.62 3.38 4.75 7.23 11.05 16.14 47.27
Method 2(BPSK) 1 1.01 1.04 1.20 1.52 2.45 3.95 5.89 19.63
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Fig. 3 BERs in massive MIMO for proposed
method, previous method, method 1 and 2

4.2 RYE

Z ZTlEBit Error Rate(BER) Z/HWTiAV & (1
vy MY OHEERENELHEE) OFMEEIT O, &
BTE BIREESETIE 1, 2 O BER Z bl L7
W3 Fig. 3 ThH D, ftfihiz BER, #fha SNR & L., #
BREETAZ VAT mgiFEEN, 25 FE 1 %20
i, ZEFIE2 #=ATHRR LI, BERIX 107D
SEHfEE Uiz, 2 TCOTIETSNR N KE L 25 & BER
IR 2 AR T L A EIZHT L7z, BER 23 & 2 fEIZ i
T HEMIE, BPEEFREFAOLDOTHY | £DiE
I SCHER 19) B S 7=V, BER OFMEIZTFEM T
NIRRT, TV NESEH WS Z LI LD BER ©
HIMIE & 202 LRI ST,

4.3 +txa)TqiEHEE

tx o VT o HEEE R T RIRIEIE CH D HE
REr HOCTIRETIE L ZOMoO Tk % e UFEM
L7z, FBEREIT,

Cs =Cr—Cg (12)

THz2b6N5, 22T, GRIZERZEEDOF v FVE
BT, GGIEIBHEEOT v FLVEETH

Cr = qN¢[1 + Pplog,Pr + (1 — Pr)log,(1 — Pg)], (13)
Cg = qN¢[1 + Pglog,Pg + (1 — Pg)log,(1 — Pg)]  (14)

THRIND, PREPUIEFNENERZEHE & KIS D
BER T, qI3EHLMEETHY . AHFFETiIqg=1TH
Do T XNVEEIT, EOMED EREIZIVE E IR
WZIERBMED D, DFY | FEAEIL, EREZEHIC
EREICTE W2 R UISIEE IS IE M AL WA
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Fig. 4 Secrecy capacity in proposed method

and previous method
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RREFIE LT FIEOMER &2 K L2 /ER N
Fig.4 Th 5, itz fifEsse, Bifilia SNR & L, 2
RFEETAZ Y A7 HiFELN, 2E5FiEL 2
£, FER RO ERZMHR TR LT, ERRIT 10°
AITOVHEE Lz, £TOFIET, SNERORKREL A
% & FAER BN U _EFREICH#T L7, SNR>10 T
E. ERZERICERICIER(E TS, BIEF I
TERBENTNRNT EEZRL TR, BEEE K
Do TS EREIND, —F SNR<10 Tik, LR
TRV TN WD, S T RRAL TN D O T
1372 <, /A R KV EHZEE D IEMEICE ST
ETWRWHTH D, BEREORIEIZFEM TE
MWphotz, FDDT v VEBRERWSLZ EITLD
FAEREOIR T IR & 2V 2 & AR ST,

5 F&H

ARFFETIL, A ARG, SRR OB AR I
WY DRNT > NGB EEATHFELRE L, £
D H A ARG B % RKBFEMIMOIZi@EH L CTIRETIEL L,
BB & 0GR, 3R 0 =R ER &2 RN L
Too TOFER, BETHEOMY RERERE, AT
HEER T EAEERN RN LT, B
BREFCIE, DT HRETIEOF R AW
DN BT, TIHDORNG, FEETIEN,
HIFEOKRETHDIR AT v 7 BB X 5540
BB O Y ZB5EE L, AL & RSELL EoMEREZ R
TLERTIENTE I, SHOBEE LT, AWF5E
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Study on Belief Propagation Decoding for Multivalued Modulation in Massive MIMO
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Abstract A Massive MIMO (Multiple Input Multiple Output) is expected to become the core of
technology for future large-capacity wireless communication. However, massive MIMO systems

generally experience the explosive increase of the computation time required for decoding. BP

decoding is attracting attention as decoding method in a massive MIMO because of practical

computation time. There are several types of BP decoding that will be used for a decoding in a massive

MIMO. The BP decoding (previous method) proposed in our laboratory shows high performance, but does

not support multivalued modulation. Support for multivalued modulation is essential for large-capacity

wireless communication. In this study, we propose a new BP decoding to adapt multivalued modulation.

We numerically evaluate decoding accuracy and channel capacity of the proposed method. The results

suggest that the proposed method achieves the standard criteria for establishing wireless

communication in bit error ratio and increases channel capacity.
Keywords [Massive MIMO, BP decoding, Multivalued modulation]
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Fig. 1 Massive MIMO overview

O HETEE: (Maximum Likelihood Detection, MLD)
DFHARZHINT 2 FESCHE VB LR ZHWZF
BEBBREINLTWD ™Y, B TH, HERIBHIE
(Belief Propagation, BP) Z W/ KL HEF
%, LUF BP 5L, mWHEERE & A 72 0GR
BICEY  EEEED TS T, BPESREICIEK
LT T 2HEHY, 1 DIXEFMHIC BP E4 1
HLEEMOFETHY | BEAREZHINSE52HE
TRA~OMIE VRS A 1) XSS R PR
TPH.56 DESEHRHO TR E RV SO2HDHHDTH
57, H 9 10T URETER I NI FIET (L
TLVETFRE) D ABOLEBYHFEINILOTHD,
ZD2ODREIINENT, MV LR OBIZRE T
DI T W LN S S OO O FE LT
bbH, TOBFENMIEY | YR LFREPOHEEED
BAENNRRKELEDD Z ERRESINTND, T
BEOIRDERNIKE IE NI H D03, HEENGE L3
BIIARECTH D, LnLaendh, ATk, 2HE
T~ DX IOHEERE E Z 17 E S D W BIERTETD
LTV, FRZ, RERIBEREITFZIE O mICH
M3 2—hThold, BEFEOHMPLIADDE
EER~ORNIBHE TH D, £ T TARIETIE, 2
fEZ55H (Binary Phase Shift Keying, BPSK) D{g5#a
HHZ LS LTV WRTFEZ , ZEEHRD 15T
& 5 Quadrate Phase Shift Keying (QPSK) D1 5+ H]
IR T E D FEICHER LIERT 5, TOREFIED
) R LBEREEEBEERICL VT 5, 28T
I ERIEE OV AT LTV ERITFEERINTT D,
3ETIX, METEEZRRD, 4 ETIIRETEOK
EEBRFE R, b ETIXBRLE LA D,

2 JRTFTLETIEHIFE
I TRAMEL LU FETO Y AT AET L

Td DRI MINO 3815 7 L BT FETH 5 BPSK (25t
J& L7z BP G B 2583 %,

2.1 YRTFLETIL

VAT LET VX, EET T TN, ZET T
TN, DO FHBUE MINO 18F HFXEB x5, EEFEY b
IXBPSK Z W THERG Tk Y LT WERICE# S,
B FZ5Hags (Serial Parallel Conversion, S/P)
T, RET T FTINDRAET T IS TR
IND, ZEKTIX, ZET T T TRLNEXERE
FAEWEAERE (Parallel Serial Conversion, P/S)
2 L BPE iz LW #EE Yy h&HEET S (Fig.
D,

BET—Z1E. NEOKEEE v b

B = (bl' bz, ey bNt), (1)
b; € {0,1} fori =1,2,---, N,

T, HEEEXL. BET—X % BPSK TEFH L,

f = (‘xll‘xZI.”l‘th)! (2)
_ 1 (bi = 1) .
X = {_1 (b; = 0) fori =1,2,-, N;

D, xITEET R E O, EEREED 1 EE
TdH D, BPSKIINARLEF DR b HAERRTFIETH Y,
B DA Z Fig. 2( DX 9121807 F'H3 2 &
Th e{0,32RTZENTE 1 EF AL E
v MO REE T, XOFEHRIL, EET T HIT1LD
TORND Y THI, FRFZRERE TZET 7 I
MV CRME S D, BRGNS 2 22/ T ORI IT~ v
FIRATF ¥ RV ERETAL, NATNSIOW(EHATHIHT
KENns, ZEEEYIX

j=HE+7 3)

EFEED, T ZTRIZEE 0 THlkel D ARHEE TH
%,

ZIEHETIE, ZEEEINDIXET —Xb% BP (5
B2 W THEET 5, - T, #EET—%bid. HE
PEFn & LT, yEHOBK
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Fig. 2 Constellation points of BPSK and QPSK

b =b(,H) )

L E;iT %, BPSK LTS L7= BP 15 54 HH O 2E- LYk &
ThB,

2. 2 BPSK It L7= BP FE#&H

BP 15 5 f 1% W ¥ F ¥ Bk & (Parallel
Interference Cancellation, PIC) ZJH >y, #V KL
FAREICEVEET —F 2 HET D, PICICL D RLEE
R EBRET D 2 LT, MIMO % Single Input
Multiple Output (SIMO) & LCHRZAAL, ®MET—ZD
Ky NEHEEFREE TS, HESNZAE Y Ok
FEZ RO IR LEE TPICICHWS Z & T, il
HEE SIVTZEET —Z OFEEED M B3 %, LU T IZ BPSK
(ZRIS LT= BP R B TH DR TE P O FlEE R~
Do
2. 2.1 HHFHRE

I TR EH TR IS 12 55 B2 PIC 21TV
SIMO b4~ 2 FlEZ R~ D, ZEESDER TH Dy, D
x LA DEEE 5% PIC THRELEZ LD &

Nt
W=y ) mEl, ©)
i=1,i%k
Y
~() _ Jji
X = tanh( > (6)

L5, 22T PRV T Y BEETHY (1=12,
R LECH S, B (R (14) ) (e T

T %, LY AEBIF1S 2D <1 RO

THY, BP OV ELEFES#HLZHE 1 6 L1
IR 5 Z e s nsd, G L,

~( 1
y]-(k) = hyxy +n; + R].(k), (7)
Nt
1 ~(
R]gk) = z hyi(x; — x].(i) (8)
i=1,i#k

EEIETIENTES, XD ExIZEFB L,
PIAADEERFEFE VT AERITEY BP i L
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Table 1 Simulation condition

Proposed method Previous method
Modulation QPSK BPSK
Num. of antennas Ny = N, =100
Channel i.i.d. Rayleigh fading
Receive channel state information Perfect
Decoding method BP decoding
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