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On p-adic Dedekind-Rademacher sums attached to Dirichlet characters

KOZUKA Kazuhito1
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Abstract The purpose of this paper is to generalize the author’s preceding work on the construction of a

p-adic analytic function interpolating the Dedekind sums attached to Dirichlet characters and the calculation of

the radius of convergence of the function We define the generalized Dedekind-Rademacher sums by making use

of Dirichlet characters and deduce an expression of the sums by the generalized Euler numbers. Applying the

expression, we construct a p-adic analytic function interpolating the generalized Dedekind-Rademacher sums.

The function is expressed as a linear combination of some p-adic functions interpolating the Euler numbers.

The main result is the explicit expression of the radius of convergence of the function. Except for some special

cases, the result is an analogue to the one for the Kubota-Leopoldt p-adic L-function, which interpolates the

generalized Bernoulli numbers p-adically and plays an important role in the Iwasawa theory for cyclotomic

fields.

Keywords [p-adic interpolation, Dedekind sums, Dirichlet character]

1 Introduction

For any real number x, we denote by [x] the greatest integer not exceeding x, put {x} = x− [x] and define

((x)) =

{x} − 1
2 if x is not an integer.

0 if x is an integer.

For positive integers h and k, the classical Dedekind sum s(h, k) is defined by

s(h, k) =
∑

λ mod k

((λ
k

))((hλ
k

))
. (1)

The sum first appeared in Dedekind’s study on the transformation properties of the η-function (η(z) =

eπiz/12
∏
n≥1(1 − e2πinz)) under the modular group and in the case of gcd{h, k} = 1 Dedekind showed the

following reciprocity formula1):

12hk{s(h, k) + s(k, h)} = h2 − 3hk + k2 + 1. (2)

Generalizations of Dedekind sums and their reciprocity formulas have been studied extensively with many

methods.

For each non-negative integer n, let Bn and Bn(X) be the nth Bernoulli number and polynomial respec-

tively, and define

B̃n(x) = Bn({x}).

——————————————–——————————————————————————
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As a generalization of s(h, k), Apostol defined the nth higher-order Dedekind sum as

sn(h, k) =
∑

λ mod k

B̃1

(λ
k

)
B̃n

(hλ
k

)
(3)

and he generalized the formula (2) as

(n+ 1) (hknsn(h, k) + hnksn(k, h)) = nBn+1 +

n+1∑
j=0

(
n+ 1

j

)
(−k)n+1−jhjBn+1−jBj (4)

for positive integers h and k with gcd{h, k} = 1 and odd n.

As a natural generalization of (3), we can define

sm,n(h, k) =
∑

λ mod k

B̃m

(λ
k

)
B̃n

(hλ
k

)
(5)

for non-negative integers m and n. Further for real numbers α and β, we extend the sum (5) as

Sm,n

(
h k

α β

)
=

∑
λ mod k

B̃m

(
λ+ β

k

)
B̃n

(
h(λ+ β)

k
− α

)
, (6)

which is often called the Dedekind-Rademacher sum. The reciprocity formula for (6) is studied by Radema-

cher and Carlitz3∼5).

In addition to the reciprocity formulas, Rosen and Snyder constructed a p-adic interpolating function

for the sums (3)6). The function is an analogue of the well known Kubota-Leopoldt p-adic L-function

which interpolates the generalized Bernoulli numbers and plays an important role in the Iwasawa theory for

cyclotomic fields. Later, Snyder generalized the construction slightly and deduced a p-adic version of the

reciprocity formula (4)7). Further Kudo constructed a p-adic interpolating function for the sums (5) and

deduced many properties8,9). For the p-adic function constructed by Kudo, the author studied the explicit

value of the radius of convergence 10). Besides, by generalizing the sums (5) by means of Dirichlet characters,

the author constructed a p-adic interpolating function for the sums and deduced the value of the radius of

convergence11).

The purpose of this paper is to extend the study of the paper11). We generalize the sums (6) by Dirichlet

characters, construct a p-adic interpolating function and deduce the value of the radius of convergence.

Throughout the paper, we denote by Q, Z and N, the rational number field, the ring of integers of Q

and the set of positive integers, respectively as usual, and denote the set of non-negative integers by N̄.

2 Definition of Dedekind sums attached to Dirichlet characters

As in the introduction, let Bn and Bn(X) be the nth Bernoulli numbers and polynomial, respectively,

defined by

t

et − 1
=

∞∑
n=0

Bn
tn

n!
and

tetX

et − 1
=

∞∑
n=0

Bn(X)
tn

n!

and define B̃n(x) = Bn({x}).
For any primitive Dirichlet character χ, we denote by fχ the conductor of χ and denote by Iχ the ring

of rational numbers of which the denominators are relatively prime to fχ. For any x ∈ Iχ we can define the

value χ(x) by multiplicativity. We define the twisted Bernoulli function B̃n,χ(x) attached to χ by

fχ−1∑
ρ=0

χ({x}+ ρ)te({x}+ρ)t

efχt − 1
=

∞∑
n=0

B̃n,χ(x)
tn

n!
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or equivalently

B̃n,χ(x) = fn−1
χ

∑
ρ mod fχ

χ(x+ ρ)B̃n

(
x+ ρ

fχ

)
.

Let χ and ψ be primitive Dirichlet characters, m,n ∈ N̄, h, k ∈ N and α, β ∈ Iχ ∩ Iψ. We define the

generalized Dedekind sums attached to χ and ψ by

S(m,χ),(n,ψ)

(
h k

α β

)
=

∑
λ mod k

B̃m,χ

(
λ+ β

k

)
B̃n,ψ

(
h(λ+ β)

k
− α

)
. (7)

3 Expression by Euler numbers

For a parameter u, we define the n th modified Euler numbers En(u) for n ∈ Z with n ≥ −1 by9)

u

et − u
=
E−1(u)

t
+

∞∑
n=0

En(u)
tn

n!
.

Note that E−1(u) ̸= 0 only if u = 1. We put ñ = max{n, 1} for n ∈ N̄. Then we have ñEn−1(1) = Bn for

n ∈ N̄. It is known that for any λ ∈ Z, c, k, n ∈ N and for any kth root of unity ξ, we have12)

knB̃n

(
λ

k

)
= ñ

∑
ζk=1

En−1(ζ)ζ
λ, (8)

ñEn−1(ξ) = kn−1
∑

j mod k

B̃n

(
j

k

)
ξ−j (9)

and ∑
ηc=1

En(uη) = cn+1En(u
c). (10)

For a primitive Dirichlet character χ, we define the numbers En,χ(u) (a modification of the generalized

Euler number13)) by
fχ−1∑
ρ=0

χ(ρ)ufχ−ρeρt

efχt − ufχ
=
E−1,χ(u)

t
+

∞∑
n=0

En,χ(u)
tn

n!
.

Note that E−1,χ(u) ̸= 0 only if u is a primitive fχth root of unity. Note also that ñEn−1,χ(1) = Bn,χ for

n ∈ N̄. Let ζχ be an arbitrarily chosen primitive fχth root of unity and put τ(χ, ζχ) =
∑fχ−1

ρ=0 χ(ρ)ζχ
ρ, the

Gauss sum attached to χ and ζχ. Then

fχ−1∑
ρ=0

χ(ρ)ufχ−ρeit

efχt − ufχ
=
τ(χ, ζχ)

fχ

fχ−1∑
ρ=0

χ−1(ρ)ζχ
ρu

et − ζχ
ρu

,

which implies,

En,χ(u) =
τ(χ, ζχ)

fχ

∑
ρ mod fχ

χ−1(ρ)En
(
ζχ
ρu
)
. (11)

Hence if gcd{k, fχ} = 1, as generalizations of (8), (9) and (10), we deduce that

χ(k)knB̃n,χ

(
λ

k

)
= ñ

∑
ζk=1

En−1,χ(ζ)ζ
λ, (12)

ñEn−1,χ(ξ) = χ(k)kn−1
∑

j mod k

B̃n,χ

(
j

k

)
ξ−j (13)
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and ∑
ηc=1

En,χ(uη) = χ(c)cn+1En,χ(u
c). (14)

For g ∈ N, let J(g) denote an arbitrarily fixed complete set of representatives of the residue class group

Z/gZ. For g1, · · · gm, we put J(g1, · · · , gm) = J(g1) × · · · × J(gm). For c ∈ N with c > 1, we denote by Vc
the set of non-trivial cth roots of unity. As for the expression of the sums (7) by the Euler numbers, we

have the following.

Proposition 3.1. Let χ and ψ be primitive Dirichlet characters and let h, k ∈ N. Let α, β ∈ Iχ ∩ Iψ and

express α = a/d and β = b/d with d ∈ N, a, b ∈ Z. We suppose that gcd{h, k} = gcd{kd, fχfψ} = 1. Let ζkd
denote an arbitrarily chosen primitive kdth root of unity and put ζk = ζdkd and ζd = ζkkd. Then we have

(χψ)(kd)(kd)m+nS(m,χ),(n,ψ)

(
h k

α β

)
= m̃ñ

τ(ψ, ζψ)

fψ

×
∑

(i,j1,j2,ρ)∈J(k,d,d,fψ)

ψ−1(ρ)Em−1,χ(ζ
−hi+kj1
kd )En−1(ζ

ρ
ψζ

i+kj2
kd )ζ

bj1−ai+j2(hb−ka)
kd . (15)

Further if c ∈ N with c ≡ 1 (mod fψkd) and c > 1, then

(cn − 1)(χψ)(kd)(kd)m+nS(m,χ),(n,ψ)

(
h k

α β

)
= m̃ñ

τ(ψ, ζψ)

fψ

×
∑

(i,j1,j2,ρ)∈J(k,d,d,fψ)

∑
η∈Vc

ψ−1(ρ)Em−1,χ(ζ
−hi+kj1
kd )En−1(ζ

ρ
ψζ

i+kj2
kd η)ζ

bj1−ai+j2(hb−ka)
kd . (16)

Proof. We see from (12) that

χ(kd)(kd)mB̃m,χ

(
λ+ β

k

)
= χ(kd)(kd)mB̃m,χ

(
λd+ b

kd

)
= m̃

∑
(i1,j1)∈J(k,d)

Em−1,χ(ζ
−hi1+kj1
kd )ζ

(−hi1+kj1)(λd+k)
kd

and

ψ(kd)(kd)nB̃m,ψ

(
h(λ+ β)

k
− α

)
= ψ(kd)(kd)nB̃n,ψ

(
hλd+ hb− ka

kd

)
= ñ

∑
(i2,j2)∈J(k,d)

En−1,ψ(ζ
i2+kj2
kd )ζ

(i2+kj2)(h(λd+b)−ka)
kd .

Note that for i1, i2 ∈ J(k) we have
∑

λ∈J(k) ζ
h(−i1+i2)(λd+b)
kd = k or 0 according as i1 = i2 or i1 ̸= i2. Hence

by (7) and (11), we obtain (15). In addition, applying (14), we also obtain (16).

4 p-adic interpolation

Let p be a prime number. If p ≥ 3, we put eo = p − 1 and q = p. If p = 2, we put e0 = 2 and q = 4. In

this section we construct a p-adic interpolating function for the sums (7).

As usual, we denote by Qp, Zp and Cp the rational p-adic number field, the ring of integers of Qp and

the completion of the algebraic closure of Qp, respectively. Let | |p denote the p-adic valuation of Cp

normalized by |p|p = 1/p. For any u ∈ Cp
× with |1−up|p ≥ 1, the Koblitz measure Mu on Zp is defined by

Mu

(
ν + pnZp

)
=

up
n−ν

1− upn
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for any n, ν ∈ N̄ with 0 ≤ ν ≤ pn − 1 and we have∫
Zp

xn dMu(x) = En(u) and

∫
Z×
p

xn dMu(x) = En(u)− pnEn(u
p).

Let ωp denote the Teichmüller character for p and put ⟨x⟩ = x/ωp(x) for x ∈ Z×
p . We put

Gp(s, u) =

∫
Z×
p

⟨x⟩sdMu(x) for s ∈ Zp, (17)

which is the p-adic Γ-transform for the measure Mu and satisfies an interpolating property such as

Gp(n, u) = En,ω−n
p

(u)− pnEn,ω−n
p

(up) (18)

for n ∈ N̄.

As in Proposition 3.1, let χ and ψ be primitive Dirichlet characters and let h, k ∈ N. Let α, β ∈ Iχ ∩ Iψ
and express α = a/d and β = b/d with d ∈ N, a, b ∈ Z. We suppose that gcd{h, k} = gcd{kd, fχfψ} =

gcd{p, kdfχfψ} = 1. In addition, we choose and fix integers c, p′ ∈ N with c ≡ 1 (mod qkdfψ), c > 1 and

pp′ ≡ 1 (mod kdfψ). For each m ∈ N̄, we set

T cp,m

(
s, χ, ψ :

(
h k

α β

))
= m̃k

τ(ψ, ζψ)

fψ

×
∑

(i,j1,j2)∈J(k,d,d)

∑
η∈Vc

Em−1,χ(ζ
−hi+kj1
kd )ζ

bj1−ai+j2(hb−ka)
d Gp(s, ζ

i+kj2
kd η). (19)

Then by Proposition 3.1 and (18), we deduce that

T cp,m

(
n− 1, χ, ψ :

(
h k

α β

))
= m̃ñk(cn − 1)(χψ)(kd)(kd)m+n

×

(
S(m,χ),(n,ψ)

(
h k

α β

)
− ψ−1pnS(m,χ),(n,ψ)

(
p′h k

p′α β

))

for any n ∈ N with n ≡ 1 (mod e0). Now we define

Sp,m

(
s, χ, ψ :

(
h k

α β

))
=

1

m̃k(cs − 1)(χψ)(kd)(kd)md < d >s
T cp,m

(
s, χ, ψ :

(
h k

α β

))
, (20)

which is independent of the choice of c. Then we obtain the following.

Theorem 4.1. We have the interpolating property such as

Sp,m

(
n− 1, χ, ψ :

(
h k

α β

))
= ñkn

(
S(m,χ),(n,ψ)

(
h k

α β

)
− ψ−1(p)pnS(m,χ),(n,ψ)

(
p′h k

p′α β

))

for any n ∈ N with n ≡ 1 (mod e0).

5 Radius of convergence

By (17), the function Gp(s, u) is expanded at any s0 ∈ Zp as

Gp(s, u) =

∞∑
n=0

cn,u,s0(s− s0)
n (21)
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with

cn,u,s0 =
1

n!

∫
Z×
p

(logp < x >)n < x >s0 dMu(x).

Hence we can enlarge the domain of definition of the function Gp(s, u) from Zp to the set of s ∈ Cp for

which the right-hand side of (21) converges. For the same reason, the domain of definition of the function

Sp,m

(
s, χ, ψ :

(
h k

α β

))
can be enlarged. Let rm(χ, ψ, h, k, α, β : s0) denote the radius of convergence of

the expansion of Sp,m

(
s, χ, ψ :

(
h k

α β

))
at s0 ∈ Zp. In order to study the value, we first recall the main

result of Section 3 of the paper10).

Let I be a finite set and consider functions

U : I → C×
p and A : I → C×

p .

For each i ∈ I, put U(i) = ui and A(i) = αi and suppose that |1− upi |p ≥ 1 for all i ∈ I. We put

Gp(s : U,A) =
∑
i∈I

αiGp(s, ui)

and denote by r(U,A : s0) the radius of convergence of Gp(s : U,A) at s0 ∈ Zp. Let I+ = {i ∈ I||ui|p < 1},
I− = {i ∈ I||ui|p > 1} and I0 = {i ∈ I||ui|p = 1}. For each n ∈ N, we put

Nn = {µ ∈ N| gcd{µ, p} = 1, | < µ > −1|p = |q|p|p|n−1
p }.

If there exists an integer n ∈ N such that either∑
i∈I+

αiu
µ
i −

∑
i∈I−

αiu
−µ
i ̸= 0 or

∑
i∈I0

αi(u
µ
i − u

−|µ
i ) ̸= 0

holds for some µ ∈ Nn, we denote the minimum of such n by n(U,A). Otherwise we put n(U,A) = ∞.

Then we have10)

r(U,A : s0) =

|p|
1
p−1

−n(U,A)+1
p |q|−1

p if n(U,A) ̸= ∞.

∞ if n(U,A) = ∞.
(22)

Now we put r

(
Sp,m

(
s;χ, ψ

(
h k

α β

))
: s0

)
= rm(χ, ψ, h, k, α, β : s0) for s0 ∈ Zp. Further, we introduce

following subsets of Q :

Bm,χ = {x ∈ Q|B̃m,χ(x) = 0} and Cm,χ(ε,A) = {x ∈ Q|B̃m,χ(A+ x)− εB̃m,χ(A− x) = 0} for A ∈ Q.

The main result is the following.

Theorem 5.1. Let h′ ∈ Z be an arbitrary integer such that hh′ ≡ 1 (mod k).

(1) If 2(hβ − kα) /∈ Z, then

rm(χ, ψ, h, k, α, β : s0) =

|p|
1
p−1
p |q|−1

p if
λ+ β

k
/∈ Bn,χ for some λ ∈ Z.

∞ otherwise.

(2) If 2(hβ − kα) ∈ Z, then

rm(χ, ψ, h, k, α, β : s0)

=

|p|
1
p−1
p |q|−1

p if
−h′(hβ − kα) + λ

k
/∈ Cn,χ

(
ψ(−1),

β − h′(hβ − kα)

k

)
for some λ ∈ Z.

∞ otherwise.
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Proof. By (19) and (20), it is sufficient to prove the assertion for

T cp,m

(
s, χ, ψ :

(
h k

α β

))
instead of Sp,m

(
s, χ, ψ :

(
h k

α β

))
. We put I = J(fψ) × J(k) × J(d) × Vc. For

each (ρ, i, j2, η) ∈ I, we put

u(ρ, i, j2, η) = ζρψζ
i+kj2
kd η and α(ρ, i, j2, η) =

∑
j1∈J(d)

ψ−1(ρ)Em−1,χ(ζ
−hi+kj1
kd )ζ

bj1−ai+j2(hb−ka)
d .

Then by (19), we see that

T cp,m

(
s;χ, ψ

(
h k

α β

))
=

∑
(ρ,i,j2,η)∈I

α(ρ, i, j2, η)Gp(s, u(ρ, i, j2, η)).

Note that |u(ρ, i, j2, η)|p = 1 for all (ρ, i, j2, η) ∈ I. For µ ∈ N, we put

F(µ) =
∑

(ρ,i,j2,η)∈I

α(ρ, i, j2, η)(u(ρ, i, j2, η)
µ − u(ρ, i, j2, η)

−µ)

=
∑

(ρ,i,j2,η)∈I

∑
j1∈J(d)

ψ−1(ρ)Em−1,χ(ζ
−hi+kd
kd )ζ

bj1−ai+j2(hb−ka)
d

×((ζρψζ
i+kj2
kd η)µ − (ζρψζ

i+kj2
kd η)−µ).

Note that
∑

ρ∈J(fψ) ψ
−1(ρ)ζ±ρµψ = ψ(±µ)τ(ψ−1, ζψ). For any x ∈ Q, put Φ(x) = 1 or Φ(x) = 0 according

as x ∈ Z or x /∈ Z. Then∑
η∈Jc

η±µ = Φ
(µ
c

)
c− 1 and

∑
j2∈J(d)

ζ
j2(hb−ka)
d ζ±kj2µkd = Φ

(
hb− ka± µ

d

)
d.

Further for any r1, r2 ∈ Cp, let us write r1 ∼ r2 if r1 = r2r for some r ∈ C×
p . Then we can express

F(µ) ∼ ψ(µ)
∑

(i,j1)∈J(k)×J(d)

Em−1,χ(ζ
−hi+kj1
kd )

× ζbj1−aid

(
ζiµkdΦ

(
hb− ka+ µ

d

)
− ψ(−1)ζ−iµkd Φ

(
hb− ka− µ

d

))
.

Applying (13) we also deduce that

F(µ) ∼ ψ(µ)
∑

(i,j1)∈J(k)×J(d)

∑
τ∈J(kd)

B̃m,χ

( τ
kd

)
ζ
(hi−kj1)τ
kd

× ζbj1−aid

(
ζiµkdΦ

(
hb− ka+ µ

d

)
− ψ(−1)ζ−iµkd Φ

(
hb− ka− µ

d

))
.

Note that
∑

j1∈J(d) ζ
−kj1τ
kd ζbj1d =

∑
j1∈J(d) ζ

(b−τ)j1
d = Φ((b− d)/τ)d. Hence

F(µ) ∼ ψ(µ)
∑
i∈J(k)

∑
τ∈J(k)

B̃m,χ

(
b+ τd

kd

)

×
(
ζ
(hb−ka+µ+hτd)i
kd Φ

(
hb− ka+ µ

d

)
− ψ(−1)ζ

(hb−ka−µ+hτd)i
kd Φ

(
hb− ka− µ

d

))
.
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If hb− ka± µ ̸≡ 0 (mod d), then F(µ) = 0. If hb− ka+ µ ≡ 0 (mod d), we can express hb− ka+ µ = τ1d

for some τ1 ∈ Z. In addition, if 2(hb− ka) ̸≡ 0 (mod d), then hb− ka− µ = 2(hb− ka)− τ1d ̸≡ 0 (mod d)

and we see that

F(µ) ∼ ψ(µ)
∑
i∈J(k)

∑
τ∈J(k)

B̃m,χ

(
b+ τd

kd

)
ζ
(τ1+hτ)i
k ∼ ψ(µ)B̃m,χ

(
β − h′τ1

k

)
.

If (λ1 + β)/k /∈ Bm,χ for some λ1 ∈ Z, then by the assumption gcd{fψp, kd} = 1 there is an integer µ1 ∈ N1

satisfying µ1 ≡ −hλ1d− hk + ka (mod kd) and gcd{µ1, fψ} = 1. For such µ1, we have

F(µ1) ∼ B̃m,χ

(
λ1 + β

k

)
.

This implies F(µ1) ̸= 0 and by (22), we conclude that rm(χ, ψ, h, k, α, β : s0) = |p|
1
p−1
p |q|−1

p . On the other

hand if (λ + β)/k ∈ Bm,χ for all λ ∈ Z, considering the case of hb − ka − µ ≡ 0 (mod d) in the same way,

we see that F(µ) = 0 for all µ ∈ N. Hence we conclude that rm(χ, ψ, h, k, α, β : s0) = ∞.

Finally let us consider the case of 2(hb− ka) ≡ 0 (mod d). In this case if hb− ka+ µ ≡ 0 (mod d), we

can express hb− ka+ µ = τ1d and hb− ka− µ = 2(hb− ka)− τ1d for some τ1 ∈ Z and

F(µ) ∼ ψ(µ)

(
B̃m,χ

(
β − h′τ1

k

)
− ψ(−1)B̃m,χ

(
β − 2h′(hβ − kα) + h′τ1

k

))
∼ ψ(µ)

(
B̃m,χ

(
β − h′(hβ − kα)

k
+

−h′(hβ − kα) + h′τ1
k

)

−ψ(−1)B̃m,χ

(
β − h′(hβ − kα)

k
− −h′(hβ − kα) + h′τ1

k

))
.

Hence in the similar way as in the case of 2(hb− ka) ̸≡ 0 (mod d), we obtain our assertion. This completes

the proof.

If χ is trivial, making use of some fundamental properties of Bernoulli numbers and polynomials, we can

deduce more explicit results as the following.

Corollary 5.2. If χ is trivial. we have

rm(χ, ψ, h, k, α, β : s0) = |p|
1
p−1
p |q|−1

p

except for the following cases :

Case 1: 2(hβ − kα) /∈ Z, m ≡ 1 (mod 2), k = 1, β ∈ 1

2
+ Z.

Case 2: 2(hβ − kα) /∈ Z, m ≡ 1 (mod 2) with m ≥ 3, k ≤ 2, β ∈ Z.

Case 3: 2(hβ − kα) ∈ Z, ψ(−1) = 1, k = 1.

Case 4: 2(hβ − kα) ∈ Z, ψ(−1) = 1, k = 2, m ≥ 2, hβ − kα ∈ Z.

Case 5: 2(hβ − kα) ∈ Z, ψ(−1) = 1, k = 2, m ≥ 2, hβ − kα, β ∈ 1

2
+ Z.

Case 6: 2(hβ − kα) ∈ Z, ψ(−1) = 1, k = 2, m ≡ 1 (mod 2) with m ≥ 3, β ∈ Z.

Case 7: 2(hβ − kα) ∈ Z, ψ(−1) = 1, k ≥ 3, m ≡ 0 (mod 2), 2α, 2β ∈ Z.

Case 8: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k = 1, m = 1, β ∈ 1

2
+ Z.

Case 9: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k = 1, m ≡ 1 (mod 2) with m ≥ 3, 2β ∈ Z.

Case 10: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k = 2, m = 1, 2α ∈ Z, β ∈ 1

2
+ Z.

Case 11: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k = 2, m ≡ 1 (mod 2) with m ≥ 3, 2α, 2β ∈ Z.

Case 12: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k = 2, m ≡ 1 (mod 2) with m ≥ 3, 2α ∈ 1
2 + Z, β ∈ Z.
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Case 13: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k ≥ 3, m = 1, 2α, 2β ∈ Z.

Case 14: 2(hβ − kα) ∈ Z, ψ(−1) = −1, k ≥ 3, m ≡ 1 (mod 2) with m ≥ 3, 2α, β ∈ Z.

In these exceptional cases, we have

Sp,m

(
s;χ, ψ

(
h k

α β

))
= 0 (identically).
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