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On p-adic Dedekind-Rademacher sums attached to Dirichlet characters
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Abstract The purpose of this paper is to generalize the author’s preceding work on the construction of a
p-adic analytic function interpolating the Dedekind sums attached to Dirichlet characters and the calculation of
the radius of convergence of the function We define the generalized Dedekind-Rademacher sums by making use
of Dirichlet characters and deduce an expression of the sums by the generalized Euler numbers. Applying the
expression, we construct a p-adic analytic function interpolating the generalized Dedekind-Rademacher sums.
The function is expressed as a linear combination of some p-adic functions interpolating the Euler numbers.
The main result is the explicit expression of the radius of convergence of the function. Except for some special
cases, the result is an analogue to the one for the Kubota-Leopoldt p-adic L-function, which interpolates the
generalized Bernoulli numbers p-adically and plays an important role in the Iwasawa theory for cyclotomic
fields.
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1 Introduction

For any real number z, we denote by [z] the greatest integer not exceeding x, put {z} = x — [z] and define

(@) {z} — 3 if z is not an integer.
€T =

0 if x is an integer.

For positive integers h and k, the classical Dedekind sum s(h, k) is defined by

= () <1>

mor

The sum first appeared in Dedekind’s study on the transformation properties of the n-function (n(z) =
emi2/12 [ - e?™2)) under the modular group and in the case of ged{h,k} = 1 Dedekind showed the

following reciprocity formulal):
12hk{s(h, k) + s(k,h)} = h* — 3hk + k* + 1. (2)

Generalizations of Dedekind sums and their reciprocity formulas have been studied extensively with many
methods.

For each non-negative integer n, let B, and B, (X) be the nth Bernoulli number and polynomial respec-
tively, and define
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As a generalization of s(h, k), Apostol defined the nth higher-order Dedekind sum as

wni= 3 5(2)(%) e

A mod k
and he generalized the formula (2) as
A n+1 -
(n+1) (k" sn(h, k) + B"ksn(k, 1)) = nBni1 + < ; >(—k)”+1_JhJBn+1_ij (4)
7=0

for positive integers h and k with ged{h, k} =1 and odd n.
As a natural generalization of (3), we can define

SN S NCTXCY 0

A mod k

for non-negative integers m and n. Further for real numbers o and (3, we extend the sum (5) as

e I I

which is often called the Dedekind-Rademacher sum. The reciprocity formula for (6) is studied by Radema-
cher and Carlitz3~?).

In addition to the reciprocity formulas, Rosen and Snyder constructed a p-adic interpolating function
for the sums (3)6). The function is an analogue of the well known Kubota-Leopoldt p-adic L-function
which interpolates the generalized Bernoulli numbers and plays an important role in the Iwasawa theory for
cyclotomic fields. Later, Snyder generalized the construction slightly and deduced a p-adic version of the
reciprocity formula (4)7). Further Kudo constructed a p-adic interpolating function for the sums (5) and

8.9) For the p-adic function constructed by Kudo, the author studied the explicit

deduced many properties
value of the radius of convergence '9). Besides, by generalizing the sums (5) by means of Dirichlet characters,
the author constructed a p-adic interpolating function for the sums and deduced the value of the radius of
convergence!l).
The purpose of this paper is to extend the study of the paper'?. We generalize the sums (6) by Dirichlet
characters, construct a p-adic interpolating function and deduce the value of the radius of convergence.
Throughout the paper, we denote by Q, Z and N, the rational number field, the ring of integers of Q

and the set of positive integers, respectively as usual, and denote the set of non-negative integers by N.

2 Definition of Dedekind sums attached to Dirichlet characters

As in the introduction, let B, and B,(X) be the nth Bernoulli numbers and polynomial, respectively,
defined by

o0

tTL

n=0

and define B, (z) = B,({z}).

For any primitive Dirichlet character x, we denote by f, the conductor of x and denote by I, the ring

of rational numbers of which the denominators are relatively prime to f,. For any x € I,, we can define the
value y(z) by multiplicativity. We define the twisted Bernoulli function B, () attached to x by

fx—1

Z x({z} + p)telzttolt i t

n

efxt — 1
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or equivalently

) =Y xetnB, (S0,

pmod fy I

Let x and 1 be primitive Dirichlet characters, m,n € N, h,k € N and o, € I, N I;. We define the
generalized Dedekind sums attached to x and ¥ by

S0, n:0) (Z g) = D Bnx <Azﬁ> By <h(A,€+ﬁ) —a> : (7)

A mod k
3 Expression by Euler numbers

For a parameter u, we define the n th modified Euler numbers E, (u) for n € Z with n > —1 by?)

u E_1(u = "
R RO ML
n=0

Note that E_1(u) # 0 only if u = 1. We put # = max{n, 1} for n € N. Then we have nFE,_1(1) = B, for
n € N. It is known that for any A € Z, ¢, k,n € N and for any kth root of unity &, we have!?

k" B, <> =7 Y En1(Q)¢Y, (8)

Ck=1
B =1 Y B )ff ©
j mod k
and
> En(un) = "B, (u). (10)
ne=

For a primitive Dirichlet character x, we define the numbers F,, , (u) (a modification of the generalized

Euler number'®)) by

A uh = +2Enx

Note that E_;,(u) # 0 only if u is a primitive f,th root of unity. Note also that nFE,_; x( ) = By, for
n € N. Let ¢, be an arbitrarily chosen primitive f,th root of unity and put 7(x,¢y) = Zp 0 X( )¢, the

1
fXZ X qu pep E LX
P_

Gauss sum attached to x and (,. Then

Fo-l
x(p)ulx— ”e” _ 066D N X Hp) G
Z_ efx

_ fX = et — Cxpu ’
which implies,
(X Gx) -
B (u) = fix Z X () En (CPu). (11)
X pmod fy

Hence if ged{k, fy } = 1, as generalizations of (8), (9) and (10), we deduce that

X(k)knén,x (2) =n Z Enfl,X(C)<A7 (12)
=
B &) =W S By (1) €7 (13)

j mod k
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and

Y Bux(un) = x()" By (uf). (14)
n°=1

For g € N, let J(g) denote an arbitrarily fixed complete set of representatives of the residue class group
Z/gZ. For g1, gm, we put J(g1, -+ ,9m) = J(g1) X - -+ X J(gm). For ¢ € N with ¢ > 1, we denote by V.
the set of non-trivial cth roots of unity. As for the expression of the sums (7) by the Euler numbers, we
have the following.

PROPOSITION 3.1. Let x and v be primitive Dirichlet characters and let h,k € N. Let o, 8 € I, N Iy, and
express o = a/d and B = b/d with d € N,a,b € Z. We suppose that gcd{h, k} = gcd{kd, f\ fy} = 1. Let (rq
denote an arbitrarily chosen primitive kdth root of unity and put (; = ng and (g = Cl]jd. Then we have

() (B) (K™ ™ S 0 (h ’f) .6

B Ty

_ i % b, ai (hb—ka
x > VD) Bt x (G ) B 1 (GG M) ¢ RO (15)
(i,j17j27p)ej(k,d,d,f¢)

Further if c € N with c=1 (mod fykd) and ¢ > 1, then

(C‘_1ﬂxkadﬂkdyﬁ'5@n@(n¢><h Z) :7hﬁTO?:@)

hi bj1—ai+jo(hb—k
x 3y S 0 0) Bt (G ) Bt (G ¢ T IR (1)

(i7j17j27p)€‘](kvd»d’f¢) nevc

Proof. We see from (12) that

A+6>

X(kd) (kd)"™ B (k Ad + b)

= y(kd)(kd)" By, | ———
) bd)" Bo (2
- Z Em 17X(C—hll+k]1)dehll+kjl)()‘d+k)

(1,51)€J (k,d)

and

btk B ("2 < a)

hAd + hb — k:a)
k

= (kd)(kd)" By < kd

- 7 Z (sz-i-k‘jz )Cklg-‘rk‘jz (Ad+b)—ka) )
(i27j2)€J(k7d)

Note that for iq,i2 € J(k) we have Z/\EJ(,C) de ati2)Ad+d) _ g g according as i1 = 49 or i # io. Hence

by (7) and (11), we obtain (15). In addition, applying (14), we also obtain (16).

4 p-adic interpolation

Let p be a prime number. If p > 3, we put e, =p—1and ¢q =p. If p =2, we put eg =2 and ¢ = 4. In
this section we construct a p-adic interpolating function for the sums (7).
As usual, we denote by Q,, Z, and C,, the rational p-adic number field, the ring of integers of Q, and
the completion of the algebraic closure of Q,, respectively. Let | |, denote the p-adic valuation of C,
normalized by [p|, = 1/p. For any u € C,* with |1 —uP|, > 1, the Koblitz measure M, on Z, is defined by

" —y

uP
1—uP

My (V + p"Zp) =
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for any n,v € N with 0 < v < p” — 1 and we have
/ " dMy(x) = E,(u) and / " dMy(x) = Ep(u) — p"Ep(uP).
Z, Zy

Let w, denote the Teichmiiller character for p and put (z) = x/wy(x) for x € Z;. We put

Gp(s,u) :/Z (x)’dMy(z) for s € Zp, (17)

X
P
which is the p-adic I'-transform for the measure M, and satisfies an interpolating property such as

Gyln.w) = B, o (u) = "B, n (uP) (18)

n,wp

for n € N.

As in Proposition 3.1, let x and 1 be primitive Dirichlet characters and let h,k € N. Let o, 3 € I, N I
and express a = a/d and 8 = b/d with d € N,a,b € Z. We suppose that gcd{h, k} = ged{kd, f\fy} =
ged{p, kdfy fy} = 1. In addition, we choose and fix integers ¢,p’ € N with ¢ = 1 (mod gkdfy), ¢ > 1 and
pp’' =1 (mod kdfy). For each m € N, we set

Tzim (SaXﬂﬁi (Z g)) — ka(lﬂf;@))

X Z Z B 14 k—dh¢+kj1) 2j1—ai+j2(hb—ka)Gp(s’ ;i;kh?]). (19)
(i,51,42)€J (k,d,d) n€Ve

Then by Proposition 3.1 and (18), we deduce that

TS, (n Ay <h k)) = ik(c™ — 1) () (kd) (kd) ™

a f
hok . ohk
X <S<m,x),(n,w) (a B) = 7P " S(m ), () <p,a 5))

for any n € N with n =1 (mod ep). Now we define

hok 1 ) ok
Spam <8’X’¢: (a 5)) = k(e = 1) (e (kd) (kd)d < d > 1P (S’X’w ' (a 5)) - (20)

which is independent of the choice of ¢. Then we obtain the following.

THEOREM 4.1. We have the interpolating property such as

hok o ok vhok
Sp,m <n - 17X7w: (a 6)) =nk (S(m,x)y(n,d)) <C¥ 5) - w 1(p)p S(m,x),(n,d)) <p/04 B))

for any n € N withn =1 (mod ep).

5 Radius of convergence

By (17), the function Gy (s, u) is expanded at any so € Z,, as

Gp(5,1) =) Cnauso(s — 50)" (21)

n=0
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with 1
Crousy = n'/ (log, <z >)" <z > dMy(z).
Z;

Hence we can enlarge the domain of definition of the function G,(s,u) from Z, to the set of s € C, for
which the right-hand side of (21) converges. For the same reason, the domain of definition of the function

Sp.m (s, X, : (Z Z)) can be enlarged. Let r,,(x, v, h,k,a, B : sp) denote the radius of convergence of

h k
the expansion of Sp <s, X, ( ﬂ)) at sg € Z,. In order to study the value, we first recall the main
«@
result of Section 3 of the paper!?).
Let Z be a finite set and consider functions
U:ZT—C) and A: T~ C,.
For each i € Z, put U (i) = u; and A(i) = a; and suppose that |1 —u?|, > 1 for all i € Z. We put
Gp(s:UA) = ZaiGp(s,ui)
i€l
and denote by 7(U, A : sg) the radius of convergence of Gp(s : U, A) at sg € Zy,. Let T = {i € Z||u;|p, < 1},
Z_ = {i e I||lui|lp, > 1} and Zy = {i € Z||u;|p, = 1}. For each n € N, we put
No = {p € N|ged{p,p} = 1,| < > =1[, = allplp ™"}
If there exists an integer n € N such that either
Z aul’ — Z au; ' #0 or Zai(uf—ui—lﬂ)#()
1€L €L 1€Zp

holds for some p € N, we denote the minimum of such n by n(U,.A). Otherwise we put n(U, A) = oc.

Then we have!?)

L nUA)+L, .
plp™ lal; i n(U, A) # .
00 if n(U, A) = oc.

r(U,A: sp) = (22)

Now we put r (Sp,m (s;x,w (h Z)) : 80) = (X, ¥, b, k, o, B 1 sg) for sg € Z,. Further, we introduce
o

following subsets of Q :
By = {7 € Q| By (x) = 0} and Cy\ (e, A) = {2 € Q|Bp (A +2) — By (A —1z) =0} for A€ Q.

The main result is the following.

THEOREM 5.1. Let h' € Z be an arbitrary integer such that hh' =1 (mod k).
(1) If 2(hB — ka) ¢ Z, then
A+

k
00 otherwise.

1
plp~ gl if ¢ By, for some \ € Z.

7,’m(Xflpaha]{;705718 : 30) =

(2) If 2(hf — ka) € Z, then

T'm(waa h7k7a76 : SO)
1 _p _ N o
]p|§71 |q!;1 if W(hS 2 ko) + A ¢ Cry <¢(—1), b (}IZB ka)) for some \ € Z.

00 otherwise.
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Proof. By (19) and (20), it is sufficient to prove the assertion for

T <5,x,¢ . (h g)) instead of S, m (s,x,qp: (Z Z)) We put Z = J(fy) x J(k) x J(d) x V.. For

[0
each (p>i7j2a77) € Z, we put

kj hi+k bj1—ai+j2(hb—k
Cw o 2 and a(p, i, j2, 1 Z ¢ (p) B 1x (Ca o Jl)fdjl aitfa(hb—ka)
J1€J(d)

U(Pv@]é» )

Then by (19), we see that

h k
T;im (S;Xﬂ/) <O[ ﬁ)) = Z Q(P,i»jz,ﬂ)Gp(Svu(P,i,]éﬂ?))-

(pyisg2,m)el

Note that |u(p,i,j2,m)|p, = 1 for all (p,1, j2,n) € Z. For u € N, we put

Fp) = > alpi,jo,n)(ulp,i, jo, n)* = ulpi, ja,n) ")
(pyisj2,m€ET

_ Z Z Y (p) B LX(Ckhz+kd)CSj1*ai+j2(hb*ka)

(pyi,j2:m€ET j1€J(d)

(OGP = (6™ m) ™).

Note that >~ ¢ () @b_l(p)lep“ = Y(£p)7(¢1, ¢y). For any z € Q, put ®(z) = 1 or ®(x) = 0 according
as x € Z or x ¢ Z. Then

Zni“:@( )c—l and Z Cj2hb ha) ik]w <I)<hb_]:lai'u>d

neJe je€J(d)

Further for any r1,72 € C,, let us write r; ~ 7o if 1 = ror for some r € C;. Then we can express

Fp)~v) D> Enoia(Gy

(i.j1)€J (k) J(d)
in—ai i hb — ka + -3 hb — ka —
e (B822) s (A
Applying (13) we also deduce that
T hi—kj1)T
Fy v Y Y B () e

(i,j1)€J (k) x J(d) T€ I (kd)
1 —ai i hb—ka+ i hb_k'a_
X ?1 <CI<:I(§(I) (dM) —(-1)¢ 1P (d#>> )

Note that 2 ¢ s Gt C = X ien@ €877 = (b — d)/7)d. Hence

Z Z <b+7d>

iedJ(k) Ted(k)

(Ckhb ka-tpcthrd)ig, (hb—/;aJrM) _ p(—1)lbhamprthrdig (hb—za—/t))_
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If hb — ka+ p#0 (mod d), then F(u) =0. If hb — ka + p =0 (mod d), we can express hb — ka + p = 11d
for some 7 € Z. In addition, if 2(hb — ka) # 0 (mod d), then hb — ka — pp = 2(hb — ka) — 11d # 0 (mod d)

and we see that

b+7d T1+hT)i 5 _hl
Z Z - ( T ><.I§ +h) Nw(M)Bm,X (B k 7_1>‘

ieJ(k) red(k

If (A + B)/k ¢ By for some A\; € Z, then by the assumption ged{ fyp, kd} = 1 there is an integer p; € N;
satisfying p11 = —hA\id — hk + ka (mod kd) and ged{p1, fy} = 1. For such py, we have

~ A
F(pr) ~ Bm,x( 1]:_6>

1
This implies F(u1) # 0 and by (22), we conclude that ry,(x, ¥, h,k,a, 8 : s9) = \pIF\qu. On the other
hand if (A + B)/k € By, for all A € Z, considering the case of hb — ka — p = 0 (mod d) in the same way,
we see that F(p) = 0 for all © € N. Hence we conclude that r,(x, ¥, h, k,a, 5 : sg) = 00
Finally let us consider the case of 2(hb — ka) = 0 (mod d). In this case if hb — ka + p =0 (mod d), we
can express hb — ka + p = 71d and hb — ka — p = 2(hb — ka) — 11d for some 11 € Z and

F) ~ b <Bm (6 _kh/ﬁ> ~ YD B <5 B hlﬁ))

~ P(u) (Bm’X (xB — h/(hﬁ — ka) n _h/<h/8 — ka) + h/7-1>

k k

~(=1) B ( p - p

Hence in the similar way as in the case of 2(hb — ka) £ 0 (mod d), we obtain our assertion. This completes

B-H(hB—ka) —H(hB—ka)+ h'n>>

the proof.

If x is trivial, making use of some fundamental properties of Bernoulli numbers and polynomials, we can
deduce more explicit results as the following.

COROLLARY 5.2. If x is trivial. we have

1
rm(X ¥, hy ko, B s0) = [plp " gl !

except for the following cases :
Case 1: 2(h3 —ka) ¢ Z, m =
Case 2: 2(hf — ka QEZ,mE
Case 3:
Case 4: 2(hfB — ka

( )
2 )
( )
Case 5: 2(hf — ka)
( )
( )
( )
( )

=
o
2
&
>
|
—
=
m
_I_
N

Case 6: 2
Case 7: 2(hf — ka

Case 8: 2(hf — ka
Case 9: 2(hf — ka

1 /~c>3 m =0 (mod 2), 2,25 € Z.
1
—-Lk=lLm=18¢€;+Z
=—-1, k=1, m=1 (mod 2) with m > 3, 208 € Z.

1
Case 10: 2(h8 —ka) € Z, Y(-1)=—-1, k=2, m=1,2a € Z, B € §+Z.
Case 11: 2(hf — ka) € Z, Y(—1) = -1, k=2, m =1 (mod 2) with m > 3, 2«,25 € Z.
Case 12: 2(hB — ka) € Z, p(-1) = -1, k=2, m =1 (mod 2) with m > 3, 2a € + + Z, € Z.
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Case 13: 2(h —ka) € Z, Y(—-1)= -1, k>3, m=1, 2a,25 € Z.
Case 14: 2(hf — ka) € Z, p(—1) = -1,k >3, m =1 (mod 2) with m > 3, 2a, 3 € Z.

In these exceptional cases, we have
Sp.m (s;x,w (h k)) =0 (identically).
a p
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