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Introduction
Theorems

Outline of Proofs

4(CG) «— h(G) «— min (G

i=12,..,

A1(G): I-th eigenvalue of the Laplacian on a finite graph G

h|(G): the expander constant of G (a quantity of some connectivity)
{Gi}i'=1: a partition of G

Gy
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Introduction

Expander constant

Assume graphs are non-oriented, finite, and don’t have loops and
multiple edges.
G = (V,E): agraph

The expander constant of G is oF
F

. [lOF] VI
h(G) =min{— : 1 <|F| < —
Fev | |F| 2

where 9F is the set of the edges connecting F and V — F.

This represents strength of connection between two disjoint vertex
sets.
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Introduction

Example

Let K2", K™, K™ be complete graphs.
Let Gn,,n, be a graph with Vg, . = Vkm U Vkr and

EGy,,, = Ekm U Exn U {xy} for some x € Vim and y € Vir..
Then

1
—— <
min{ny, Ny}

VA ANIVAN

Figure: K* Figure: Gga

h(Kzn) =nx1, h(Gnl’nZ) =
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Introduction

Eigenvalues of Laplacian

degx) :=|{y eV : xy € E}| for x € V.

Definition

The Laplacian Ag on G is a linear operator on RV = {f : V — R}
defined by

Acf(x) 1= f(x)degl) — > f(¥)

XyeE

for f e RY and x € V.

A1(G) £ 22(G) < --+ < Av(G) : the eigenvalues of the Laplacian

m The number of connected components of G is |
& A4(G) = 0and 241(G) > 0.

5/22



Introduction

Expander constant and Second eigenvalue of Laplacian

deg@) := maxxey deg(x).

Theorem (Alon-Milman, Dodziuk)

'IZ(ZG) < h(G) < V2 degB)(G). 1)

This theorem implies that the second eigenvalue A>(G) also
represents some strength of connection between two disjoint
subgraphs.
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Introduction

Question

For | > 2, can we relate 4;(G) to some connectivity of a graph and
subgraphs as the inequalities (1)?

A(G)

K

Subgraphs of G
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Theorems

Partition

Definition

A graph H is an induced subgraph of G
& VycV,andEy ={xye E: x,y € Vu}.

Induced subgraphs are determined by their vertex sets.

Definition
A partition of G is a family of induced subgraphs {G; = (V;, Ei)}i'_1
of Gsuch thatV = ”LlVi (disjoint union).

G2

Gy G3 G
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Theorems

Higher order expander constant

Definition

The higher order expander constant of G is

oV
h|(G) := min { max ﬁ {Gi = (Vj, Ei)}i'=1 is a partition of G}
for each | € N.
In particular, h(G) = hy(G).

Example

hi(K™) =n, h3(Gonan) =N,  ha(Gonon) = —

where Gpn2n Was a graph constracted by connecting K?" and K2"
by one edge.
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Theorems

Theorem 1

m;lG) < hi(G) < 3'y2degG)4i(G) @
forevery | € N,

This is a generalization of the inequalities (1),

AZ;G) < h(G) < Y2degB)2(G).

This is also regarded as a numerical generalization of the fact

m The number of connected components of G is |
& A4(G) = 0and 4,;1(G) > 0.
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Introduction Theorems Outline of Proofs

For any partition {Gi}:_1 of G

| Tln 2(Gi) < 441(G). 3)

If for some | € N

141(G) > 2(1 + 1)3*1 /2 degG) i (G), @)

then there exists a partition {Gi}:_1 of G such that

A:1(G) < 2(1 + 1)3'+1 min_h(G). (5)

9?’

This theorem means that 4;.1(G) represents strength of connection
of each induced subgraph in a partition, if 2j+1(G) > A/(G).
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Theorems

Using (1), 42(G)/2 < h(G) and (3), miniz1,,...1 42(Gi) < A1+1(G),
we obtain the following example.

Example

Ifl = 2and n> 2- 3% then Gon,on satisfies the assumption (4),
A3(Ganzn) > 2 - 3* 42 degGan,2n)A2(Gan2n).

TANAY

Figure: Gon2n

The assumption (4) seems to be a very strong condition.

Problem
Can we weaken the assumption (4)?
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Outline of Proofs

Outline of Proofs

m (f,0) := Tyev TG, Il := V(F, ) for f,ge RV

m (3,b) 1= Teev A(O)b(E), llall := V{(a,a) for a, b € RE.
m d: RY - RE, df(xy) := |f(x) = f(y)|for f € RV and xy € E.

Then (Agf, f) = ||df||? for f € RY, and consequently

. lId f]? .
A44+1(G) = sthflenﬂgV e fLL,f#0 (6)
|
A(G) sup{IIdeIZ fel,f# 0} 7)
I = : Is
Lifemv {112

where L, is an I-dimensional subspace of RV.
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Outline of Proofs

Key of Proofs

The keys of proofs of theorems are
m Choice of L in the inequalities (6) and (7),

. lId ]2 )
A:1(G) = sup inf e fLoL,fz0 (6)

I 2 . I’ 9 ‘

A(G)

m Choice of a partition of G.
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Outline of Proofs

Outline of Proof of A,(G)/2l < h|(G) in (2)

For a partition {G; = (Vi, Ei)}i'=1 of G, letyp = 1 € RV and

Vigl if X € UI 1Vj
Ui(x) =4 - |Uij=1Vj| if X € V.+1
0 otherwise

fori =1,2,...,1 = 1. Then the subspace
P:= (Yo, ¥1,¥2,...,¥1_1) of RV is |-dimensional. Then

N
A(G) < sup cfeRfz0; <2 max—
rerv {1112

by computing ||d f[|?/IIf]|? for f € P. Hence 4/(G) < 2lh|(G).
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Outline of Proofs

Outline of Proof of ( 3), Mini=12..; 22(G;) < A4:1(G)

For a partition {G; = (Vi, E; )} of G, define Yo, Y1, Yo, .o s P11
and P = (Yo, W1, ¥2,. .., - 1) as in the previous slide. Then for
f e RV with f L P we can show that

fIVi 1 (ﬁOIVi
foralli =1,2,...,1 — 1. Using this, we get

Idfl® > min 22(G)IFII

’ 9oy
Hence

ld |12
112

A+1(G) = |n { cfLRf2 O} > Tzln I/lz(Gi).
i=1,2,...,
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Outline of Proofs

Outline of Proof of  h(G) < 3' 2 degG)A(G) in (2)

We construct a partition {G; = (Vi, Ei)}i'_1 satisfying

hi(G) < nax % < 3 y2degG)A(G). (8)

=12 |V

(1) Take an induced subgraph H° of G s.t.

|0V ol IV
=h(G) and [Vl £ —,
Vol 2

and set H! := G — H°, where G — H® means
the induced subgraph of G whose vertex set is
V - VHO,
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Outline of Proofs

Outline of Proof of  h(G) < 3' 2 degG)A(G) in (2)

(2) Assume h(H) < h(H) where iy, j; €
{0,1} and i; # j1. Then take an induced sub-

graph H10 of H'1 s t. .
Hlll
10411 Vol . Vi |
THL TR h(HY) and  Vypmol < — .
Vool 2 H
Hi10
and set H1! := Hit — H1% where

0g, Vg, := {Xy € Eg,IX € Vg,, Y € Vg,-g,} for
graphs G, c G1.
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Outline of Proofs

Outline of Proof of  h(G) < 3' 2 degG)A(G) in (2)

(3-1) If h(HI1) < min{h(H"%), h(H'1)}, then
take a subgraph HIO of Hit st,

H 10

[0yi1Vyiol ' MLl
“HE AR _ h(H1) and Vil < ~
|VH11°|

9

and set Hitl := Hi1 — Hi10,

Hiil

Hill

Hi10

(3-2) If min{h(H'1%), h(H'*1)} < h(HI), then set

h(H"2) < h(H™2) where i», j» € {0,1} and
i # jo. Take a subgraph H'1'20 of Hi1'2 5 ¢,

101112 V igizo] igi Vel
Dt T o h(HIE) and Vgl €~
IVHiliZOI

and set Hitizl := Hitl2 _ Hi1i20,

Hjl

Hilizl

Hi1i20

Hilz
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Outline of Proofs

Outline of Proof of  h(G) < 3' 2 degG)A(G) in (2)

Inductively, we divide an undivided subgraph in

{H&8--am} with the minimum expanding con-
stant, into a subgraph which attains the ex-

pander constant and the complement sub-

graph.
Repeat this procedure until the number of the
undivided subgraphs in {H®&#3--am} pecomes |.

Consequently we divided G into | subgraphs. G
Let {G; = (Vi, Ei)}il=1 be the set of the undivided subgraphs in

{H&8-8m} Then {Gi}i'_1 is a partition, and we can prove (8),

hi(G) < max % < 3'y2degG)A(G).

i=1,2,.., il
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Outline of Proofs

Outline of Proof of ( 5), 4141(G) < 2( + 1)3*1 min;_1,.1 h(G;)

Let {G;i = (Vi, E-)}'*i be a partition constructed by deviding
{Gi = (Vi, Ej )} |n the previous slide once more as the previous
procedure. Then

max lovil < 3+t max{\/z degG)4i(G), min (G )}

i=1,2,...,|+1 |\/ I 12,..

Using (2) and the assumption in 2 in Theorem 2, we have
A:1(G) = 2(1 + 1)hi4a(G)

|0Vl
2(0+1) max —
i=1,2,...,1+1 |Vi|

2(1 + 1)3+2 max{ V2 degG)A, (G), mm | h(Gi )}

?’9

I\

IA

2( + 1)3*1 min h(G)).

i=1,2,..,

IA
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