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Overview

» Give a relation between multi-way expansion constants hy(G),
hy+1(G) of a graph G, which represent strength of connectivity
of G, and a k-partition {H'}i"_l of G

>N

» Using a relation between hy(G) and the k-th eigenvalue Ax(G)
of the Laplacian on G, review the above relation

» See the coarse non-embeddability of a sequence of
"generalized” expander graphs into Hilbert spaces



Graph

A graph G = (V, E) is a pair of a vertex set V and an edge set
Eci{vw:v,weV}

> N

Assume graphs are finite (V| < o), undirected (vw = wv), and
without loops (vv ¢ E).

degd) :=[{fwe V :vwe E}|forve V.
deg@) := max.ey degy).
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Expansion constant h(G)

Definition (Expansion (Isoperimetric, Cheeger) consatnt)
The expansion constant of G = (V, E) with |[V| > 2 is defined as
oW

: oW |oW| W
h(G) = min {max{——, .
P£WCV W] [V —-W|

G

Here oW = {vw:veW, weV - W}.
Note that h(G) > 0 if and only if G is connected.
For € > 0, a graph G with h(G) > € is called an e-expander graph.

Example

» Forne N, h(K?") = n,

> Let Gnl,nz = (Vkm U Vg, Exkm U Egne U {vwW}) for ng, Ny € N,
where v € Vgn, W € Vkn. Then h(Gp,,n,) = 1/ min{ny, ny}.

A, ANWAN

Figure: K* Figure: Gaz



Partition of a graph

A graph H = (Vy, Ey) is said to be an induced subgraph of G if
VycVand Ey ={xye E: X,y € Vyx}.

Induced subgraphs of G are determined by their vertices.
Definition (Partition of a graph)

A k-partition of G is a family {H' = (V', Ei)}i"=1 of induced
subgraphs of G satisfying V = "'ik=1vi (disjoint union) and V' # @
for all i.

>N



Multi-way expansion constant  hy(G)

Definition (Lee-Gharan-Trevisan)
For k € N, the k-way expansion constant of G = (V, E) with
IVI > kis defined as

— i V| i pipnk .
hk(G) := min {| rlnzzjlx,k m {H' = (V,E )}i=1 is a k-partition

for k € {1,2,...,n}. In particular, h2(G) = h(G).

>N



Multi-way expansion constant  hy(G)

Definition (Lee-Gharan-Trevisan)

For k € N, the k-way expansion constant of G = (V, E) with
IV] > kis defined as

I
hk(G) := min {| rlnz:jlx,k ﬁ {H' = (V', E')}ik=1 is a k—partition}
for k € {1,2,...,n}. In particular, h2(G) = h(G).
Example

» For n, k € N, h(KK" = (k = 1)n.
» Forn e N, h3(G2n,2n) =N, hZ(GZn,Zn) = 1/2n.

& PANA:

Figure: K8 Figure: Gaq



Some properties of  hy(G)

> 0=hy(G) < h2(G) < h3(G) < -+ < hy(G) < deg@).



Some properties of  hy(G)

> 0=hy(G) < h2(G) < h3(G) < -+ < hy(G) < deg@).

» hg(G) = 0and hg41(G) > 0if and only if the number of the
connected components of G is k.

e

In this situation if each connected components H' = (V', E')
of G satisfies |V'| > 2, then

hia(G) = min h(H').

=1,y

In particular, h(G) > Oif and only if G is connected.



Connectivity of induced subgraphs of a partition
Lemma _ o _
For any k-partition {H' = (V', E')}i"=1 of G with |V'| > 2, we have

H i
hi+1(G) 2 nin h(H").

= gesey

H?2
HY H?3 G



Connectivity of induced subgraphs of a partition

Lemma _ o _
For any k-partition {H' = (V', E')}i"=l of G with |V'| > 2, we have

hke2(G) = min  h(H').

=1yL0e0y

DN

Theorem
If th,l(G)/3"+'1 > hi(G) for some k € N, then there exists a
k-partition {H' = (V/, E')}i"_l of G satisfying

[oVil

h G ;
ki )5 min h(H), max — < 3h(G).

3k+1 i=1,2,...,k i=1,2,...,k |V||




Construction of the partition in Theorem 1

(1) Take an induced subgraph H° of G s.t.

[0V ol \%
=h(G) and [Vyo| £ —,
Vol 2

and set H! := G — H where G — H° means
the induced subgraph of G whose vertex set is
V - VHO,

(2) Assume h(H") < h(H) where iy, j1 €
{0,1} and i1 # j1. Then take an induced sub-
graph H'10 of Hit s t.

[04i1V isol
[V yisol

. IV |
= h(H") and Vol < ;1,

and set H11 := Hit — H10 where
0g, Vg, := {Xy € Eg,IX € Vg,,Y € Vg,-g,} for
graphs G, c Gg.

HO

Hl

Hjl

Hill

Hi10




Construction of the partition in Theorem 1

(3-1) If h(H1) < min{h(H'%), h(H'Y)}, then
take a subgraph H110 of Hiz s t.

[0yiVyiol . Vyidl
R THAT h(H'') and |Vl < He ,
A 2

and set Hi1l := H1 — HI10,

(3-2) If min{h(H"%), h(H'*1)} < h(HJ), then set
h(H'1"2) < h(H"2) where i,, j» € {0,1} and
i> # jo. Take a subgraph H1120 of Hi1i2 s ¢,

[0hiio V yisizol . IV yisia|
-, . b

= h(H'lIZ) and [Vyisio| <

IV yisizol

and set Hiti2l = Hitiz — Hi1i20

Hjlo

H i1l

Hi11

Hi10

H i

Hilizl

Hi1i20

Hilz




Construction of the partition in Theorem 1

Inductively, we divide an undivided subgraph in

{H&&-an} with the minimum expanding con-
stant, into a subgraph which attains the ex-

pander constant and the complement sub-
graph.

Repeat this procedure until the number of the
undivided subgraphs in {H?3--am} hecomes k.

Consequently we divided G into k subgraphs.
Then it is a partition in Theorem 1.



A sequence of expander graphs

A sequence of expander graphs is a sequence of finite graphs
{Gn = (Vn, En)}, such that
() liMnse [Vl = oo;
(il) SUPnery deg(Gn) < oo;
(i) inf nenw h(Gp) > 0.



A sequence of expander graphs

A sequence of expander graphs is a sequence of finite graphs
{Gn = (Vn, En)}  such that

() M noseo [Vl = oo;
(ii) supney degGn) < eo;
(iii) inf peyy N(Gp) > 0.
Corollary
Let {Gn = (Vn, En)} | be a sequence of finite graphs such that
() iMoo [Vl = oo;
(i) supney degGn) < oo;
(i) inf hew h+2(Gp) > 0 for some k’ € N.
Then there are k € N with k < k’, subsequence {Gm}°n‘1’=1 of
{Gn}‘::l, and k-partitions {Him}ik=1 of G, for each msuch that

{Him}::zl are sequences of expanders for eachi = 1,2,..., k.



Eigenvalues Ax(G) of the Laplacian of a graph

Let G = (V, E) be a graph, and V = {vi,V2,...,Vn}.
The Laplacian on G is an n x n symmetric integer matrix
Ag = D(G) — A(G), where

degli) (i=])
0 (otherwise),

1 (vivj€E)

D(G)ij Z={ A(G)ij = {

Let 21(G) < 22(G) < -+ £ 24(G) be the eigenvalues of Ag.

Example

» Complete graphs

A(K") =0, Ax(K") = nfor k = 2,3,...,n; §§?K5

» Cycles

C":=({L,2,...,n},{vw; [v—=w] =1 mod n})
(A(CMY_, = (2~ 2cos(@(j - /)",

0 (otherwise).

C5



Some properties of  Ax(G)
» 0= 23(G) < 1,(G) < 2deg@).



Some properties of A, (G)

» 0= 21(G) < 2,(C) < 2degG).
» A(G) = 0 and Ax+1(G) > 0if and only if the number of the
connected components of G is k.

e

In this situation if each connected components H' of G satisfy
V'] > 2, then _
A+1(G) = min  Ap(HY).
1(G) = _min A(H)

=1,5000y



Some properties of A, (G)

> 0= A4(G) < A,(G) < 2deg().

» A(G) = 0 and Ax+1(G) > 0if and only if the number of the
connected components of G is k.

e

In this situation if each connected components H' of G satisfy
V'] > 2, then _
A+1(G) = min  Ap(HY).
k+1( ) =12,k 2( )

As above Ax(G) and hy(G) have similar properties.
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> 0= A4(G) < A,(G) < 2deg().

» A(G) = 0 and Ax+1(G) > 0if and only if the number of the
connected components of G is k.

e

In this situation if each connected components H' of G satisfy
V'] > 2, then _
A+1(G) = min  Ap(HY).
1(G) = _min A(H)

=1,5000y

As above Ax(G) and hy(G) have similar properties.

Lemma _ _
For any k-partition {H'}i"_1 of G with [V'] > 2, we have

> mi .
A2(G) 2 min Ap(H)

=1,44.0ey



Relation between A4(G) and hy(G)

Theorem (Lee-Gharan-Trevisan '12)
There is C > 0 such that for any connected graph G = (V, E) with
IVl = k

A4(G)

———— < hy(G) < CK? deg(G) VAk(G).
> deag; < M@ 96) VA(G)
In reality, they prove similar inequalities, whose coefficients don'’t
depends on deg(G), for the weighted multi-way expansion constant
and eigenvalues of the normalized Laplacian on a graph G.



Relation between A4(G) and hy(G)

Corollary

Let {G, = (Vp, En)};"=1 be a sequence of finite graphs such that
() liMpseo [Vl = oo;
(i) supnen deg(Gn) < oo;

(i) inf ey Ak +1(Gp) > 0 for some k’ € N.

Then there are k € N with k < k’, subsequence {Gm}"n‘;=1 of

Y= [
{H'm}m=1 are sequences of expanders for eachi = 1,2,..., k.

Sk
[ H I
{G”}n=1’ and k-partitions {Hm} 1 of Gy, for each m such that

This is a graph analog of the following result:

Theorem (Funano-Shioya)

A sequence of closed weighted Riemannian manifolds whose

(k + 1)-st eigenvalues diverges to oo for a fixed natural number Kk is
a union of k Lévy families.



Coarse non-embeddability

Definition (Gromov)

A sequence of metric spaces {(Xp, dx, )}°° 1 is said to be coarsely
embeddable into a metric space (Y, dy) if there exist two
non-decreasing functions pi, p2 : [0, +00) = [0, +00) and maps
fn: Xn =Y (n=12,...)such that

(1) lIMy 50 p1(r) = +oo;

(2) p1(dx,(%,¥)) < dy(fr(x), fa(y)) < p2(dx, (X, y)) for all
X,y € Xy and n.

We can endow a graph G with the path metric dg(X, y) between
vertices X and y which is the minimum number of edges
connecting x and Y.

Theorem (Gromov)

A sequence of expander graphs is not coarsely embeddable into
any Hilbert space.



Coarse non-embeddability

Proposition

Let {Gn}‘:=1 be a sequence of graphs with sup,ey degGn) < oo.

If there are induced subgraphs H,, of G, for all n such that {H”}:l
is a sequence of expanders, then {Gn}:"=1 is not coarsely
embeddable into any Hilbert space.

1

Hence we have the following:

Corollary

Let {G, = (Vp, En)}‘r’]"=1 be a sequence of finite graphs such that
() iMoo [Vl = oo;
(if) supney degGn) < oo

(i) inf heny h42(Gp) > 0 for some k’ € N.

Then {Gn}‘:’=1 is not coarsely embeddable into any Hilbert space.



Thank you for your attention



Comment on the relation between  hy(G) and Ax(G)

Let X1, X2, ..., Xk € R" be the eigenvectors with ||x||| = 1
associated to 11(G), A2(G), . . . , Ak(G) respectively. Then we can
write

A(G) = (Aexi,xiy = > 10x)i = (x);1%

VivieE

Very roughly speaking, the k-partition {G; = (Vi, E; )} Which
attain hy(G) is obtained by dividing G along edges {v,v,} wh|ch
[(X1)i = (x))jl are larger than the others for each | = 1,2,.

U



Random graph

"The second eigenvalue of random graph (associated to d) is
bounded below by a positive constant.”



Random graph

"The second eigenvalue of random graph (associated to d) is
bounded below by a positive constant.”

For n,d € N, let Py g4 be the uniform distribution on
g = {{nj}?_l . mj are permutations on {1,2,..., n}}.

Form = {ﬂ'j}?zl € I, 4, we define the graph
G(m) = ({1L,2...,nh {im() 1< i <n1<j<dizm@)).
Then deg(G(r)) < 2d.

Theorem (cf. Friedman '03)
For d > 2 there is a positive constant C such that

lim Prg (fr € Mg : 22(G) > C}) = L.

(Moreover, he gave the best possible constant of C and the order
for 2d-regular graphs which allows loops and multiple edges.)



