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Żuk gives a sufficient condition for a finitely generated

group to have Kazhdan’s property (T ) ([Żuk03]). We

generalize a Żuk’s result to the analogue of the notion for

uniformly convex and uniformly smooth Banach spaces.

1 Preliminaries

Definition. A (real or complex) Banach space (B, ‖ ‖) is

called uniformly convex if for every ε > 0 there is a con-

stant δ(ε) > 0 such that ‖u + v‖ ≤ 2 − δ(ε) for every

u, v ∈ B satisfying ‖u‖ = ‖v‖ = 1 and ‖u− v‖ ≥ ε.
(B, ‖ ‖) is called uniformly smooth if the dual space

(B∗, ‖ ‖∗) is uniformly convex. Hereafter uniformly con-

vex and uniformly smooth is abbreviated to ucus.

If B is a ucus Banach space, there is a one-to-one duality

map ∗ : B → B∗, u 7→ u∗ which satisfies ‖u∗‖∗ = ‖u‖
and u∗(u) = ‖u‖2. In particular, B is reflexive.

Example. Lebesgue spaces Lp([0, 1]) with 1 < p < ∞
are ucus. But L1([0, 1]) and L∞([0, 1]) are not ucus.

(B, ‖ ‖) : a ucus Banach space

Γ : a finitely generated group

S : a finite generating subset of Γ with S = S−1 and

id 6∈ S
ρ : Γ→ O(B) : a linear isometric Γ-representation on B

where O(B) is the group of all invertible linear isometries

on (B, ‖ ‖)
A linear isometric Γ-representation ρ : Γ → O(B) de-

scends to a linear isometric Γ-representation ρ′ : Γ →
O(B′) on B′ = B/Bρ(Γ) where Bρ(Γ) is the closed sub-

space of Γ-fixed vectors.

Definition ([BFGM07]). Γ is said to have property (TB) if

for every ρ : Γ→ O(B) there exists a constantK(S, ρ) >
0 such that ρ′ : Γ→ O(B′) satisfies

max
s∈S
‖ρ′(s)u− u‖′ ≥ K(S, ρ)‖u‖′ (1)

for every u ∈ B′ where ‖ ‖′ is the norm on B′.

Theorem ([BFGM07]). For 1 < p <∞, Γ has Kazhdan’s

property (T ) if and only if Γ has property (TLp([0,1])).

L(S) : an oriented finite graph whose vertex set is S and

edge set is T := {(s, s′) ∈ S × S|s−1s′ ∈ S}
We can take S so that L(S) is connected. Then n(s) :=
|{s′ ∈ S|(s, s′) ∈ T}| > 0 for s ∈ S.

The spaces M := {f : S → B} and M∗ := {g∗ : S →
(B)∗} which have respective norms defined by

‖f‖2M :=
∑

s∈S
‖f(s)‖2n(s)

|T | ; ‖g∗‖2M∗ :=
∑

s∈S
‖g∗(s)‖2∗

n(s)

|T |

for f ∈M and g∗ ∈M∗ are ucus Banach spaces. Let

〈f, g∗〉 :=
∑

s∈S
g∗(s)(f(s))

n(s)

|T |
for f ∈ M and g∗ ∈ M∗. Then the map ∗ : M → M∗,
f 7→ f∗ defined by f∗(s) := (f(s))∗ for every s ∈ S is

a one-to-one duality map.

Definition. For f ∈M , we define

(∆Bf)(s) := f(s)− 1

n(s)

∑

(s,s′)∈T
f(s′).

The map ∆B is an analogue of a discrete Laplace opera-

tor. For f ∈M and g∗ ∈M∗ we define

(Pf)(s) := f(s)−
∑

s′∈S
f(s′)

n(s′)

|T | ,

(P ∗g∗)(s) := g∗(s)−
∑

s′∈S
g∗(s′)

n(s′)

|T | .

The maps P : M → M and P ∗ : M∗ → M∗ are pro-

jections into the “orthogonal ” complements of subspaces

which consist of constant maps inM∗ andM respectively.

2 Results
� �

Theorem. B : a ucus Banach space

Γ : a group generated by a finite subset S as above

If L(S) is connected and

λB(L(S)) := inf
f∈M ;Pf 6=0

|〈∆B(Pf), P ∗f∗〉|
|〈Pf, P ∗f∗〉| >

1

2
,

then Γ has property (TB). Moreover, we can take a

constant 2− 1/λB(L(S)) as K(S, ρ).
� �
Remark. If B is a Hilbert space, λB(L(S)) is the small-

est non-zero eigenvalue of the discrete Laplace operator

acting on l2(L(S), n). In this case, this theorem is the

Żuk’s original one, and he gives a group generated by S

for which λB(L(S)) can be computed easily.
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