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We are concerned with a harmonic map into a
Busemann nonpositive curvature space from a finitely

generated group acting on the space by isometries.

1 Preliminaries

Definition . A complete metric space (N, d) is called
a Busemann nonpositive curvature space (say simply
Busemann NPC space).

< (1)(geodesic) Vp,q € N has a shortest geodesic
(an isometric embedding of a closed interval) joining
them.

(2) Ve; : [0,1;] — N : shortest geodesics (i = 1,2)
d(t) := d(ci1(tl1),c2(tl2)) is convex for t € [0,1],
that is, d(t) < (1 — t)d(0) + td(t) for Vt € [0, 1].

Examples.
(i) CAT(0) spaces

(ii) Strictly convex Banach spaces

I' : a finite generating group (fix in the following)

S : the generating set of I" (fix in the following)

p : an isometric I'-representation on (IV, d)

(M, daq) : the metric space of p-equivariant maps
f:T — (N,d) (i.e. f(v) =p(v)f(e) for vy €T)
The energy at f € M is defined by

E(f) ==Y m(e,7)d(f(e), f(7))*
~vES
where e is the identity of I' and m(e,~) is a positive
weight satisfying some condition. The energy F is non
negative, convex and continuous.

Definition . A p-equivariant map f is harmonic <
E(f) = infger E(g).

In particular, if E(f) = 0, then f is a constant map
and f(e) is a fixed point of p.

To investigate harmonic maps, we study the norm
of the gradient of the energy at f € M defined by

E(f)—FE
9B = e frmon, =)

The important property is that if |[V_E|(f) = 0 then
f is harmonic.

Proposition. infscaq |[V_E|(f) = 0.

Q C 22" : the set of all non-principal ultrafilters on N
For a sequence of metric spaces {(IN,,dn,0,)}nen
with base points and w € Q we can define an ul-
tralimit w-lim,, (N,,, dn, 05,). Similarly, we can define
limit representation, limit map, etc. The ultralimit of
a sequence of Busemann NPC spaces is a complete
geodesic space, but may not be a Busemann NPC

space.
2 Results
~
Theorem 1. (N, d) : a Busemann NPC space
p : an isometric I'-representation on (N, d)
Take {fn}22 , C M satisfying |V_E,|(fn) — 0
as n — oo. If there exists C' > 0 such that
|V_E|(f.)? > CE(f,) >0 for Vn € N,
then for Vw € Q and Vxg € T the limit map
w-lim,, fp, : T' — w-lim,, (N, d, fn(x0)) is a (w-
lim,, p,,)-equivariant constant map.
/
Note that the existence of such a sequence {f,}5° ;
follows from Proposition.
\

Theorem 2.

L : a family of Busemann NPC spaces such that
for V{(Npn,dn)}nen C L, V{rn}nen C Rso and
V{on € Np}lnen there exists w € Q satisfying
w-lim,, (Ny, rndn,0,) € L.

Suppose that for any (IN,d) € L and any iso-
metric I'-representation p on (N, d) there exists
a p-equivariant constant map into IN. Then there
exists a constant C' > 0 such that

IV_E|(f)* > CE(f)

holds for all (N,d) € L, isometric I-
representation p on (N, d) and p-equivariant map
f into N. The constant C = C(T, £) should be

independent of (N, d), p and f.

%

The simple examples of £ are the set of all Hilbert
spaces and the set of all CAT(0) spaces. In the case,
the converse of Theorem 2 is holds, and the constant
C is called the Kazhdan constant of I'. There exist
more general examples of L.




