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Introduction

The main theme of this thesis is to prove the existence of a global fixed point
of an isometric action of a finitely generated group (and a compactly generated
group) on a metric space with a convex metric.

We say a topological group G has Property (F'H) if, for any infinite dimen-
sional real Hilbert space H, every continuous isometric action of G on H has
a global fixed point. For a o-compact locally compact group, it is known that
Property (FH) is equivalent to Kazhdan’s Property (T'), which we shortly call
Property (7). Property (T') is a condition introduced by Kazhdan [Kaz67] and
was defined in terms of unitary representations of a topological group in ques-
tion. Property (7') has played important roles in many different subjects including
the structure of infinite groups, combinatorics, operator algebras, ergodic theory,
smooth dynamics, random walks and so on (see [BHV08]). Its important property
is that locally compact groups with Property (7') are compactly generated. In
particular, discrete groups with Property (7') are finitely generated. The special
linear groups SL,(R), n > 3, and the symplectic groups Sps,(R), n > 2, are
known to have Property (7'). On the other hand, free Abelian groups R", Z"
and free groups are compactly generated but do not have Property (7). Until
recently, many examples of groups with Property (7") have been found. For exam-
ple, Zuk [ZukOS] gave a criterion for a finitely generated group to have Property
(T'), which was stated by means of only finitely many relations in the presentation
of the group. Using this criterion, he showed, for example, that there are many
infinite hyperbolic groups with Property (7') in terms of “random groups”.

Izeki and Nayatani [INO5] obtained a sufficient condition for an isometric ac-
tion « of a discrete group I' on a Hadamard space Y to have a global fixed point.
Here by a Hadamard space we mean a complete metric space with a “nonpositive
curvature”. For instance, Hilbert spaces and simply connected complete Rieman-
nian manifolds with nonpositive sectional curvature are Hadamard spaces. Their
sufficient condition is described in terms of an energy functional F, on the space
of all a-equivariant maps from a countable I'-space equipped with an admissible
weight into Y. If E, vanishes at an a-equivariant map f, then the image of f



is a global fixed point of a. To prove the existence of a global fixed point, they
used the gradient flow associated with FE,, which was introduced by Jost [Jos98]
and Mayer [May98]. The gradient flow decreases F, in the most efficient way.

Subsequently, for a finitely generated group I' and a family £ of Hadamard
spaces which is stable under scaling ultralimit, Izeki, Kondo, and Nayatani [IKN09]
studied a fixed-point property defined as follows: The group I' has this property
if, for any Y € L, every isometric action of I' on Y has a global fixed point.
This property is a generalization of Property (F'H). Indeed, the family of all real
Hilbert spaces is stable under scaling ultralimit. Furthermore, I' has Property
(FH) if and only if every isometric action of I on any real Hilbert space has a
global fixed point. They gave a necessary and sufficient condition for I' to have
the fixed-point property for £ in terms of F,.

On the other hand, Bader, Furman, Gelander, and Monod [BFGMO07] intro-
duced another generalization of Property (F H) and a generalization of Property
(T') to a Banach space B. They say a topological group G has Property (Fp)
if every continuous affine isometric action of G on B has a global fixed point.
Note that it follows from Mazur-Ulam theorem that an isometric action on a real
Banach space is affine (see [BL00]). They also define Property (75), which is a
generalization of Property (7") to continuous linear isometric representations on
B. According to a theorem by Guichardet, a o-compact locally compact group
with Property (F) has Property (75). However, there exists a finitely generated
group which has Property (75) but does not have Property (Fp) for some B.
Furthermore, for a o-compact locally compact groups and 1 < p < oo, Property
(T') is equivalent to Property (Trs(o,1)). On the contrary, Yu [Yu05] proved that
an infinite hyperbolic group G, which may have Property (7'), does not have
Property (Fr»(q)) if p is large enough. As these results show, in general, Property
(Fp) and Property (1) are different.

In this thesis, first, we generalize results in [IN05] and [IKNO09] to the case of
global Busemann nonpositive curvature spaces (Definition 1.1.1), whose typical
examples are Hadamard spaces and the Lebesgue spaces LP with 1 < p < oo.
Let G be a compactly generated group such that a compact generating subset
K has a probability measure supported on K. When G is a finitely generated
group, such a measure always exists and is called a weight. Let o be a continuous
isometric action of GG on a global Busemann nonpositive curvature space N. With
a and 1 < p < oo, we associate a nonnegative function F, , (Definition 2.1.1)
defined on N by making use of K. For a finitely generated group I', if we take
[ as a countable I'-space, then the energy E,(f) coincides with (F, 2(f(e)))?/2,
where f is an a-equivariant map and e is the identity element of I'. Note that
F, , vanishes at o € IV if and only if z is a global fixed point of a.
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To prove the existence of a global fixed point, we investigate the absolute
gradient |V_F, ,|(x) of F,, , at each x € N (Definition 2.2.1). It is a key feature
of |[V_F, ,| that it gives the maximum descent of F,, , around each point. In par-
ticular, if |V_F, ,| vanishes at zy € N, then zy minimizes F, , (Corollary 2.2.3).
We will prove that there always exists a sequence of points such that |V_F, ,| ap-
proaches zero (Lemma 2.2.5). Furthermore, without using Jost-Mayer’s gradient
flow, we will obtain the following theorem.

Theorem 1. Let o be an isometric action of a compactly generated group G on a
global Busemann nonpositive curvature space N, and 1 < p < oco. If there exists
C > 0 such that |V_F, ,|(x) > C for all x € N with F, ,(z) > 0, then « has a
global fixed point.

Theorem 1 generalizes a result in [INO5]. Indeed, to prove the existence of a
global fixed point, they assume the existence of C' > 0 satisfying the inequality
IV_E,|(f)? > CE,(f) for every a-equivariant map f. If we take I' as a countable
[-space, then the space of all a-equivariant maps can be identified with the
Hadamard space Y on which I' is acting, and this inequality is equivalent to the
inequality |V_F, o|(z) > 1/C/2 for all € Y with F, o(2) > 0 (see Section 3.1).
However, our proof is totally different from the proof in [IN05].

Theorem 2. Let ' be a finitely generated group. Fix a finite generating subset K
of I' and a weight on K. Let L be a family of global Busemann nonpositive cur-
vature spaces, and 1 < p < 0o. Suppose that L is stable under scaling ultralimit.
Then the following are equivalent:

(i) For any N € L, every isometric action of I' on N has a global fized point.

(ii) For any N € L and isometric action « of I' on N, there exists C' > 0 such
that |V_Fy p|(x) > C for all x € N with F, ,(x) > 0.

Furthermore, in (ii), C' can be a constant independent of N and «.

Theorem 2 is a generalization of a result in [[IKN09] and an improvement of a
result in [Tan]. An example of such a family £ is the family of all L?, where p is
a fixed number with 1 < p < co. Other examples will be given in Section 3.2.

Second, for an affine isometric action « of a finitely generated group I' on a
Banach space B, we study the existence of a global fixed point. In this thesis, we
will introduce a new property defined in terms of |V_F, ,|, and will investigate
relations between Property (Fp), Property (Tp) and the new one. To describe
the new property, we briefly recall the definition of affine isometric actions. An
isometric action « of I' on B is said to be affine if it is written as a(y)v =
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m(y)v+c(7y) for each v € B and v € I', where 7 is a linear isometric representation
of I' on B and ¢ is a m-cocycle. (We will define them in Section 2.3 in detail.) We
call m the linear part of a. An affine isometric action a of I' on B with a linear
part 7 descends to an affine isometric action o/ of I' on B’ := B/B™™) where
B™1) is the closed subspace of all invariant vectors of 7. Let 1 < p < co. We
say I' has Property (AGp,,), if, for any affine isometric action « of I' on B, there
exists C' > 0 such that |V_F, ,|(v") > C for all v € B’ with F,, ,(v') > 0. It
is known that, for an infinite dimensional Hilbert space H, Property (AGy ) is
equivalent to Property (F'H). In the case of Banach spaces, we will obtain the
following theorem.

Theorem 3. IfI' has Property (Fg), then it has Property (AGg ,) for all 1 <
p < 0.

It should be remarked that the converse of Theorem 3 is false. Indeed, Z has
Property (AGg,,) but does not satisfy Property (Fr) (see Section 4.3). However,
we will obtain Theorem 4 below. Note that, for a linear isometric representation
7 of I on B having no non-trivial invariant vector, the first cohomology H'(T', )
vanishes if and only if every affine isometric action with linear part 7 has a global
fixed point.

Theorem 4. Let w be a linear isometric representation of I' on B, and 1 < p <
0o. Suppose that B is strictly convexr and w has no non-trivial invariant vector.
Then the following are equivalent:

(i) The first cohomology H* (T, ) vanishes.

(ii) For any affine isometric action o of I' on B with the linear part w, there
exists C' > 0 such that |V_F,_ ,|(v) > C for all v € B with F, ,(v) > 0.

Furthermore, in (ii), C' can be a constant independent of .

Although strictly convex Banach spaces are global Busemann nonpositive cur-
vature spaces, this theorem is not a corollary of Theorem 2, since the family con-
sisting of one separable Banach space is not stable under scaling ultralimit (see
Section 1.2). Also, we can not use Theorem 4 to prove Theorem 3, because some
affine isometric action on B’ may not extend to B.

For an affine isometric action o of I" on B, |V_F,, ,| with 1 < p < oo can be
written explicitly in the following case. We choose a finite generating subset K of
I' and a weight m on K to define F, ,. Suppose that B is either strictly convex,
smooth and real, or uniformly convex and uniformly smooth. Besides, suppose
that K is symmetric and m is symmetric. Let j(u) denote the support functional
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of a non-trivial v € B, that is, the continuous linear functional on B satisfying
Jjw)u = ||ul| and ||j(u)||g+ = 1. For the trivial vector 0 € B, we set j(0) to be
the zero functional on B. Then |V_F, ,|(v) is expressed as

> o = a@)olP~'m(y) Re ji(v — afy)v)

yeEK

2
Fy p(v)r!
B*
for all v € B with F, ,(v) > 0. Here, for g € B*, Reg denotes the real-valued
part of g. If B is real, Re is trivial. In particular, if B is LP(W,v), where (W, v)
is a measure space, then |[V_F, ,|(f) is expressed as 2||G| raw)/Fa,p(f)P~" for
f e LP(W,v) with F, ,(f) > 0. Here ¢ is the conjugate exponent of p, that is,

q=p/(p—1), and

Gz) = Y If(@) = a(f @) > Re(f(z) — a(y)f(@)m(y)

yeEK

for all z € W, where Re(a) denotes the real part of a complex number a, and
|f(z) — a(v)f(x)[P~% is defined to be zero if f(x) = a(y)f(x) and p < 2.

By making use of explicit expression of |V_F, ,|, we will obtain the following
corollary of Theorem 4.

Corollary. Let 7 be a linear isometric representation of I' on B and 1 < p < oo.
Suppose that B is either strictly convex, smooth and real, or uniformly convex
and uniformly smooth, and 7 has no non-trivial invariant vector. Then HY (T, )
vanishes if and only if there exists C' > 0 such that

> m)eM)P! Rej(e(y))

yeK

> Cllellp™
B*

for all m-cocycles c.

In Section 4.2, for a finitely generated group I', we will apply this corollary to
the left regular representation Ar , of I" on (P(I') with 1 < p < co. Then, using
the p-Laplacian on the Cayley graph of I', we will state a necessary and sufficient
condition for the vanishing of H' (T, Ar ;).

On the other hand, one may expect that there is also some relation between
Property (T) and Property (AGp,,). We can show the following proposition.

Proposition 5. Suppose that T" is Abelian, K is symmetric, m is symmetric, and
B is uniformly convex, uniformly smooth and real. If T' has Property (T), then
it has Property (AGp,,) for all 1 < p < 0.
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Finally, we will generalize a result in [Zuk03] mentioned above to the case of
uniformly convex and uniformly smooth real Banach spaces. Let I" be a finitely
generated group. Given a symmetric finite generating subset K of I', not contain-
ing e, we will construct a connected finite oriented graph L(K') which is the same
graph as the one constructed in [Zuk03]. For a uniformly convex and uniformly
smooth real Banach space B and 1 < p < oo, we will introduce an invariant
Ag.p(L(K)) (Definition 5.2.3). Then we will prove the following

Theorem 6. If )‘B/B,p(L(K)) > 1/2 for every closed subspace B of B, then T
has Property (T'g).

Note that Ap, 5 ,(L(K)) is independent of the linear isometric representations
of I'. For a Hilbert space H, Ay 2(L(K)) is the smallest non-zero eigenvalue of the
discrete Laplacian acting on [?(L(K),deg). In this case, our theorem coincides
with Zuk’s original one, and there exists a finitely generated group such that
Am,2(L(K)) can be computed easily. However, in the case of Banach spaces,
the computation of Ay, 5.2(L(K)) is not easy. Indeed, although B is a Lebesgue
space, B/B may not be a Lebesgue space.

This thesis is organized as follows. In Chapter 1, we review relevant definitions
and properties of global Busemann nonpositive curvature spaces, the ultralimit
of a sequence of metric spaces, strictly convex and smooth Banach spaces, and
uniformly convex and uniformly smooth Banach spaces. In Chapter 2, we define
F, , and |V_F, ,|, and describe their basic properties. Moreover, we review the
definition of the first cohomology, and give an explicit expression of |V_F, ,| for
an affine isometric action a. In Chapter 3, we prove Theorem 1 and Theorem
2, and give examples of families satisfying the assumption of Theorem 2. In
Chapter 4, we review the definitions of properties (Fp), (I5) and (AGp,,), and
prove Theorem 3, Theorem 4 and Proposition 5. In Chapter 5, we generalize a
result of Zuk, that is, prove Theorem 6.



Chapter 1

Metric spaces

In this chapter, we briefly review main geometric objects studied in this the-
sis, namely, global Busemann nonpositive curvature spaces, the ultralimit of a
sequence of metric spaces, strictly convex and smooth Banach spaces, and uni-
formly convex and uniformly smooth Banach spaces. We also recall some basic
facts which will be used throughout the thesis.

1.1 Global Busemann NPC spaces

We first recall the definition and several properties of global Busemann nonpos-
itive curvature spaces. The notion of a global Busemann nonpositive curvature
space was introduced by Busemann [Bus55]. Most of results in this section can
be found in [Jos97] and [Pap05].

Given a pair of points z and y in a metric space (M, d), a shortest geodesic
joining x to y is a map ¢ : [0,{] — M which satisfies ¢(0) = z, ¢(I) = y and
d(c(t),c(s)) = |t — s| for all t,s € [0,]]. Note that | = d(x,y). A metric space
is called a geodesic space if every pair of points has a shortest geodesic joining
them.

Definition 1.1.1. A complete geodesic space (N, d) is called a global Busemann
nonpositive curvature space (or shortly a global Busemann NPC space) if the
Busemann NPC inequality

d(q (%),02 (%)) < %d(01(11)702(l2))

holds for every pair of shortest geodesics ¢; : [0,l;] — N (i = 1,2) satisfying
C1 (O) = CQ(O).



Example 1.1.2. Hadamard spaces are global Busemann NPC spaces. In particu-
lar, simply connected complete Riemannian manifolds with nonpositive sectional
curvature, trees, Bruhat-Tits buildings, and Hilbert spaces are global Busemann
NPC spaces. Strictly convex Banach spaces, which will be defined in Section 1.3,
are also global Busemann NPC spaces.

A Lebesgue space LP with p # 2 is not a Hadamard space, but LP with
1 < p < oo is a global Busemann NPC space. A difference between Hadamard
spaces and global Busemann NPC spaces may be typically seen in that between
Hilbert spaces and strictly convex Banach spaces.

For a global Busemann NPC space (N, d), the metric is convex in the following
sense.

Theorem 1.1.3 (cf. [Jos97]). Let ¢y : [0,lg] — N and ¢y : [0,l1] — N be shortest
geodesics in (N,d). Then the function d(co(lot),c1(l1t)) of t is convex on [0,1],
that is,

d(Co(tlo), C1 (tll)) S (1 — t)d(C()(O), 01(0>> + td(Co(lo), Cl(ll))
for all t € [0, 1].

The convexity of the metric is the most important feature of global Busemann
NPC spaces.

It follows from this theorem that each pair of points in a global Busemann NPC
space is joined by precisely one shortest geodesic. Moreover, a global Busemann
NPC space (N, d) is contractible. Indeed, fix an arbitrary zy, € X, and for each

x € N set ¢; : [0,l;] — N to be the shortest geodesic joining x¢ to x. Then
F : N x[0,1] — N defined by F(z,t) := c,(tl,) for x € N and t € [0,1] is
continuous in x and ¢, because

d(F(x,1),F(y,s)) = d(ca(tl), cy(sly))
< d(ey(tly), cx(sly)) + d(cu(sly), cy(sly))
< |t = s|ly + sd(z,y)

for all z,y € N and ¢, s € [0, 1] by Theorem 1.1.3. Therefore the identity map on
N and the constant map xy are homotopic.

1.2 Ultralimit of metric spaces

Next, we recall the definition and several properties of the ultralimit of a sequence
of metric spaces. Basic references of this section are [BH99] and [Kap01]. We
denote by N the set of all natural numbers, and by R the set of all real numbers.
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Definition 1.2.1. A filter w on N is a family of subsets of N satisfying the
following:

(i) ¢ w and N € w, where () is the empty set.
(ii) If B€wand B C A, then A € w.
(iii) If A, B € w, then AN B € w.
In addition, if a filter w satisfies that
(iv) for each Ae N, A cw or A° € w,

then w is called an wltrafilter, where A° is the complement of A. On the other
hand, if a filter w satisfies that

(v) no finite subset of N is not in w,
then w is said to be non-principal.

An example of a non-principal ultrafilter on N can be given as follows: We
can easily see that w’':= {A° C N: |A| < oo} is a non-principal filter, where |A|
is the cardinal number of A. Considering all non-principal filters containing w’,
we obtain a maximal one wy by Zorn’s Lemma. This wy must be a non-principal
ultrafilter. Suppose not. Then there exists A C N such that A ¢ wy and A° ¢ wy.
Then

w i==woU{C CN: AN B C C for some B € wy}

is also a non-principal filter. Indeed, we have the following: (i) N € w;. If
() € wy, then there exists B € wy such that AN B = (), that is, B C A°. Thus
A° € wp. This is a contradiction, that is, § ¢ w;. (i) If C' € w; and C' C D,
then there exists B € wy such that AN B C D. Hence D € w;. (iii) Since, for
C1,Cy € wy, there exists By, By € wy such that AN B; € O and AN By C Oy,
we have AN By N By C Cy N Cy. Because ANBy N By € wy, C1NCy € wy. (V)
If there exists F € w; such that |E| < oo, then there exists B € wy such that
|AN B| < co. Since (AN B)® € wy, we get BN (AN B)°= BN A € wy. Thus
A € wy. This is a contradiction, that is, no finite subset is in w;. Therefore
w1 is a non-principal filter. Since A € wq, wy is properly contained in w;. This
contradicts the assumption that wy is maximal. Therefore wy is a non-principal
ultrafilter.

Throughout this section, let w be a non-principal ultrafilter on N.

For a bounded sequence {a,} C R, there exists a unique real number [ such
that {n : |a,—[| < e} € wfor all € > 0 (see [BH99, Lemma 5.49]). We denote this
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[ by a, or w-lim, a,, and call it the wltralimit of {a,}. If a sequence {a,} C R
converges to ag in the usual sense, then a,, = ag. Thus we can regard the ultralimit
of a bounded sequence of real numbers as a limit of the sequence in some sense.

Lemma 1.2.2. Ultralimit w-lim is linear, that is, w-lim,(a, + b,) = a, + b, and
w-lim,(ra,) = ra, for all bounded sequences {a,},{b,} CR andr € R.

Proof. For € > 0, we have
{n:a, —a,| <€/2,]b, —b,| <€/2} T {n:|(a, +b,) — (aw, + b,)| < €}.

Using (ii) and (iii) in Definition 1.2.1, we obtain w-lim,,(a,+b,) = a,+0b,. On the
other hand, if » > 0, then {n : |ra, — ra,| < ¢} = {n:|a, — a,| < ¢/|r|} € w for
e > 0. Hence we get w-lim,(ra,) = ra,. If r = 0, then obviously w-lim,(ra,) =

O

ray,.

Lemma 1.2.3. If a pair of bounded sequences {a,},{b,} C R satisfies a,, < by,
for each n € N, then a,, < b,,.

Proof. If n € N satisfies |a,, — a,| < € for € > 0, then a,, € (a, —€,00). From the
assumption, b, € (a, — €,00). Thus

{n:la, —ay,| <e b, —b,| <€} C{n:b, € (a, —€,00)N (b, —€,b, +¢€)}.

It follows from (i), (ii) and (iii) in Definition 1.2.1 that (a,—¢, c0)N(b,—¢, b,+¢€) #
(0 for all € > 0. Therefore we have a, < b,,. O

Lemma 1.2.4. For any r > 0, every bounded sequence {a,} such that a, > 0
for all n € N satisfies a], = w-lim,(al).

Proof. Since a,, > 0, we have a,, > 0 by the definition of the ultralimit. If a,, = 0,
then {n :a’ < e} ={n:a, < e/} € w for any € > 0. Hence w-lim,(a’) = 0.
Suppose a,, > 0. If r = 1, then the lemma is obvious. In the case that 0 < r < 1,
we use an inequality in [HLP52, (2.15.2)]: a” —b" < rb"*(a —b) for a,b > 0. Let
0 < € < ay,/2. If n satisfies |a, — a,| < €, then we have

a r—1
r r r—1 w
ar, —al, <ral, (a, —ay) <r (?) €

and
T an < r—1 i -1 ay, r—1
a, —al <ra(a, —a,) <r(a, —€)" e<r|— €.
These inequalities imply

%

r—1
{n:|an—aw|<e}c{n:]a;—a£\<r<?) e}.

10



Using (ii) in Definition 1.2.1, {n : |a! — a’| < r(a,/2)" e} € w for all € > 0.
Hence a], = w-lim,(a},). In the case that r > 1, we use an inequality in [HLP52,
(2.15.1)]: a" = b" < ra"'(a —b) for a,b > 0. Let 0 < € < a,. If n satisfies
la, — a,| < €, then we obtain

al —a’ <raNa, —ay) <rla, +€) e < r(2a,) e

and
a’, —al <ra’Ha, — a,) < r(2a,)" e
As the case that 0 < r < 1, these inequalities imply a!, = w-lim,(a’). O

Lemma 1.2.5. Let S be a finite set. For each i € S, take an arbitrary bounded
sequence {al} C R. Then max;csal, = w-lim, (max;cg a’,).

Proof. Set b, to be max;cg a, for each n. Due to Lemma 1.2.3, we have a¢, < b,
for all i € S. Hence max;cg a’, < b,. We must prove max;ega’, > b,. Suppose
not. Take ig € S satisfying a’° = maxega’,, and set ¢ = (b, — a)/2. If
{n:|b,—al| < e} €wfori € S, then we have a® < b, —e < a,. This contradicts
the assumption that a0 is maximal. Hence {n : |b, —al| > €} € w for all i € S.
By (iii) in Definition 1.2.1, N;es{n : |b, — a’,| > €} € w. Note that if A € w, then
A¢ ¢ w from (i) and (iii) in Definition 1.2.1. Hence, by (iv) in Definition 1.2.1,
Uies{n : |bo—a’| < €} ¢ w. However, {n : |b,—b,| < €} C Uies{n : |b,—a’| < €},
and the right hand side is in w. This contradicts (ii) in Definition 1.2.1. O

A pair of a metric space and a point in the metric space is called a metric
space with a base point.

Definition 1.2.6. Let {(M,,d,,0,)} be a sequence of metric spaces with base
points. We denote by My the set of all (x,) € ], oy My such that {d,(z,,0,)}
is bounded independently of n. We say that (z,,) € M and (y,) € M, are
equivalent if w-lim,, d,,(z,,y,) = 0. We denote by z,, or w-lim, x,, the equivalence
class of (z,), and by M, the set of all equivalence classes. We endow M,, with
the metric d,(z,,y,) := w-lim, d,(x,,y,) for each z,,y, € M,, where (z,) and
(yn) are representatives of z,, and y, respectively. The metric space (M,,d,)
is called the wultralimit of {(M,,d,,0,)} with respect to w, and also written as
w-lim, (M, d,, 0,).

Note that the ultralimit of a sequence of metric spaces is complete (see [BH99],
Lemma 5.53]).

Let (M, d,0) be a proper metric space with a base point. Here proper means
that any bounded closed set is compact. Set (M,,d,,0,) = (M,d, o) for all n.
Then (M, d,) and (M, d) are isometric (see [BH99, Remark 5.55]).
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The ultralimit of a sequence of Banach spaces with base points becomes a
Banach space (see [Hei80]), and the ultralimit is independent of the base points.
Hence, if a Banach space (B,]| ||) is finite dimensional, then the ultralimit of
{(Bn, || |, 0n)} such that (B,, || ||.) = (B, || ||) for all n is isometrically isomorphic
to (B, || ||). However, if (B, || ||) is infinite dimensional, then w-lim,, (By, || ||», on)
may not be isometrically isomorphic to (B, ]| ||). Indeed, suppose (B, || ||) is
separable, and o, is the origin of B for each n. Then w-lim, (B, || ||.,0x) is not
separable, because of the following: We can take {v,} C B such that ||v, —v,,|| >
1/2 and ||v,]| = 1 for all n and m with n # m. For [ € R, we define [I] as
n € Nwithn <l <n+1 Ifb>a > 0, then there exists ng € N such that
(k%] < [K*] for all k > ny. Hence w-limy, ||[vpe) — vp|| = 1/2 and w-limy, [[ope|| =
w-limyg, [|vpe|| = 1. Thus [{w-limg vjge) € By, : @ > 0} is continuous, and the open
balls B(w-limy, vjze), 1/4) are mutually disjoint. Therefore w-lim, (B, || ||, 0n) is
not separable.

The ultralimit of a sequence of geodesic spaces is a geodesic space (see [BH99,
Exercise 5.54]). However, the ultralimit of a sequence of global Busemann NPC

spaces may not be a global Busemann NPC space. For example, (R? | |,)
with 1 < p < oo is a global Busemann NPC space, where || ||, is defined by
lull, == (Jut]P + [u?|P)V/? for each u = (u!,u?) € R% However, (R || |.) =

w-lim, (R?, || ||, 0) is not a global Busemann NPC space, where o is the origin of
R% Indeed, u = (1,0), v = (2,0), and w = (0,1) in R? satisfy

lu—vlln = (Ju"=o'"+[u® = o*")" =1,
Hu_an — (’ul w1’n+|u2_w2‘n)1/n:21/n,
(1

1)1 _ w1|n + |’U2 _ w2|n)1/n _ (2n + 1)1/71’

n\ 1/n 1
=

for all n € N. Set (up), (vy), (wy) € [[,,en R? to be w, = u, v, = v, and w, = w
for all n. Then we have ||uy, — vullo = 1, ||uw — wullw = 1, and ||, — Wy, = 2.
On the other hand, u, # (v, + w,)/2. Hence there exist two different shortest
geodesics joining v, to w,. The one is the line segment from v, to w,, because

lo = wlln =

n
vl 4+ w!

2

s Vit w?
u —
2

v+ w
2

Ul—

u —

n

the line segment from u to w is a shortest geodesic joining them. The other is
the path from v,, through u,, to w, consisting of two line segments joining v, to
u,, and u, to w,, because ||u, — vyllw + [Juw — Wy llo = ||vw — Wo|lw. Therefore
(R%|| ||) is not a global Busemann NPC space.

Definition 1.2.7. A family £ of metric spaces is said to be stable under scaling
ultralimit if, for any {(M,,d,,0,)} C L, {r,} C R with r, > 0 for all n, and
non-principal ultrafilter w on N, the ultralimit w-lim,,(M,, r,d,, 0,) is in L.
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For example, for a fixed p with 1 < p < oo, the family of all L? is stable
under scaling ultralimit (see [AK90] and [Hei80]). In particular, the family of all
Hilbert spaces is stable under scaling ultralimit.

1.3 Strictly convex Banach spaces

Next, we review the definitions and several properties of strictly convex Banach
spaces, smooth Banach spaces, uniformly convex Banach spaces and uniformly
smooth Banach spaces. Basic references are [BLO0|, [LT77] and [LT79]. We
denote by (B*, || ||z+) the dual Banach space of a Banach space (B, || ||).

Definition 1.3.1. A Banach space (B, || ||) is said to be strictly convexif ||v+ul| <
2 for all v,u € B with v # u, ||Jv|| <1 and |Ju| < 1.

Strictly convex Banach spaces are global Busemann NPC spaces as mentioned
in Section 1.1.
A support functional at v in a Banach space (B, || ||) is f € B* satistying

[fll5- = 1 and f(v) = [jv]|.

Definition 1.3.2. A Banach space is said to be smooth if every non-trivial vector

has a unique support functional.

We denote by j(v) the support functional at a non-trivial vector v in a smooth
Banach space B, and call j the duality map. For the trivial vector 0 of B, we set
j(0) to be the zero functional on B. If B is real, then

(v 1 I 2l = o]
i) = tim 1

forallv € B\{0} and v € B. Furthermore, if B* is strictly convex (resp. smooth),
then B is smooth (resp. strictly convex).

Definition 1.3.3. A Banach space (B, || ||) is said to be uniformly convex if the
modulus of convexity of B

5p(€) = inf {1 - M Sl < 1) < 1 and flu— o] > e}

is positive for all € > 0.

A uniformly convex Banach space is strictly convex obviously. The closed
subspaces and the quotient spaces of a uniformly convex Banach space are also
uniformly convex. A uniformly convex real Banach space B is reflexive, that is,

(B*)* = B.

13



Definition 1.3.4. A Banach space (B, || ||) is said to be uniformly smooth if the
modulus of smoothness of B

lutof | [lu—of

pp(T) == Sup{ 5 + 5~ L:jul] <1 and [jv]| < 7'}

satisfies that pp(7)/7 — 0 whenever 7\ 0.

A uniformly smooth Banach space B is smooth. Indeed, if B is not smooth,
then there exist v € B and f,g € B* satisfying f # g, ||f||z = |9
f(v) = g(v) = |jv|| = 1. Since f # g, there exists a non-trivial vector w such
that f(w) # g(w). Set w; = w — g(w)v. Then f(w;) # 0 and g(w;) = 0. Set
wy = f(wy)wy, where f(w;) is the conjugate of the complex number f(w;). Then

B — 1 and

f(wy) is real. Retaking wy as —wy if necessary, we may assume that f(ws) > 0.
Set wg = we — (f(wy)/2)v. Then a := f(ws) = —g(ws) > 0. Hence, for any ¢ > 0,
we have ||[v + tws|| > f(v +tws) = 1+ ta while ||v — tws]| > g(v — tw;s) = 1 + ta.
Thus we obtain

pu() | o+ rusl | o—rul 1
T 2T 2T T

for all 7 > 0. Therefore B is not uniformly smooth.

If B is real, then the closed subspaces and the quotient spaces of B is also
uniformly convex, and B is reflexive. The duality map j from the unit sphere of
B into the unit sphere of B* is uniformly continuous with a uniformly continuous
inverse. The following proposition for the case that B is real is Proposition A.5.
in [BLOO].

Proposition 1.3.5. Let B be a uniformly smooth Banach space.

) /-l

for all v,u € B\{0} with v # u. Here, for f € B*, we denote by Re f the
real-valued part of f. If B is real, then Re s trivial.

[ Rej(v) — Re j(u)]

(% u (% u
[oll -l [oll - [lul

B < 2pp <2‘

Proof. For a complex number ¢, we denote by Re ¢ the real part of c. Note that
Re is linear. For v € B\{0} and v € B, we have

Re(j(u)v) + [lull = Re(j(u) (v +u)) < [5(u)(v+u)] < [lo+ul.

Hence Re(j(u)v) < |Ju+ v|| — ||lul.
Fix z,y € B\{0} with z # y. Since any u € B\{0} satisfies j(u) = j(u/||ul),
we may assume that ||z|| = ||y|| = 1. Take an arbitrary z € B with ||z]| = ||z —y]|.
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Then

(Rej(y) — Rej(w))z

Re(j(y)z) — Re(j(2)z)

< Ny + 2l = lyll = Re(j(z)2) + [|lz|| — Re(j(z)y)
= |ly+ 2zl = 1+ Re(j(z)(x —y — 2))

< y+zf =14z + (@ —y—2)| — ||

= e+ (y—z+2)|+lz—(y—z+2)| -2
< 2pp(lly —x+2|))

< 2pp(2[ly — =),

because pp is nondecreasing and ||y — x + z|| < 2||y — z||. Since z was arbitrary,
the proposition follows. n

A real Banach space is uniformly smooth if and only if the dual Banach space
is uniformly convex. Hence the class of uniformly convex and uniformly smooth
real Banach spaces is closed under taking duals.

Example 1.3.6 ([Han56]). The modulus of convexity of LP can be written as

Spo(e) = (p—1)e?/8+o0(e?) ifl<p<2
e €) = Ep/p2p+0(€p) 1f2§p<oo

for € > 0, and the modulus of smoothness of LP can be written as

7 /p + o(TP) ifl<p<2
(p—1)7%/2+0(1?) if2<p< oo

prr(T) :{

for 7 > 0. In particular, for a Hilbert space H, dg(e) = 1 — (1 —¢2/4)Y/2 for e > 0
and py(7) = (1 +73)Y2 — 1 for 7 > 0.
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Chapter 2

Isometric actions

In this chapter, we investigate an isometric action « of a finitely generated (or
compactly generated) group on a global Busemann NPC space or a Banach space.
To find a global fixed point of a, we will introduce a nonnegative continuous
function £, , on the space which plays the most important role in this thesis,
and investigate the behavior of [}, , using its absolute gradient.

2.1 Global fixed points

A group G is said to be a topological group if G has a topology such that the

I are continuous.

map G X G — G, (9,9') — gg¢' and the map on G, g — ¢~
For example, topological vector spaces and Lie groups are topological groups.
A topological group G is said to be compactly generated if there exists a com-
pact subset K C G such that any ¢ € G is written as ¢19- - - - gx using some
91,92, -,9r € KUK where K! = {g7! € G : g € K}. For instance, finite
dimensional normed linear spaces, compact Lie groups and special linear groups
SL,(R) are compactly generated groups. We call K a compact generating subset
of G. If K~! = K, then K is said to be symmetric. For a compactly generated
group GG, we can take a symmetric compact generating subset K. Indeed, for
a compact generating subset K, K U K~! is a symmetric compact generating
subset of G. Let u be a measure on the topological o-algebra of K, that is, the
smallest o-algebra of K which contains all open subsets of K. We suppose that
p is probability, that is, u(K) = 1, and the support is K, that is, every open
neighborhood of each point in K has positive measure. We assume that every
compactly generated group in this thesis has such a measure py. An example
of such a measure on a finite dimensional compactly generated Lie group G is
constructed as follows: The group G has a left Haar measure. The restriction of
the measure on a compact generating subset K is a measure on the topological
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o-algebra on K. Normalizing it, we obtain a probability measure supported on
K.

A discrete group is a topological group with discrete topology. If a discrete
group is compactly generated, then it is called a finitely generated group. For
example, free groups, free Abelian groups and special linear groups SL,(Z) are
finitely generated groups. A compact generating subset of a finitely generated
group is a finite subset, hence we call it a finite generating subset. For a finite
generating subset K of a finitely generated group, a positive function m on K
satisfying Zwe ~m(y) = 1 can be regarded as a probability measure supported
on K. We call it a weight on K. Note that every probability measure supported
on a finite generating subset is identified with a certain weight on the subset. A
weight m on a symmetric finite generating subset K is said to be symmetric if
it satisfies m(y) = m(y~!) for all v € K. Obviously, a finite generating subset
always has a weight. We always denote by GG a compactly generated group and
by I' a finitely generated group.

Let (M,d) be a metric space. An isometry on (M,d) is a map f : M —
M such that d(f(z), f(y)) = d(x,y) for all x,y € M. The composition of a
shortest geodesic and an isometry is a shortest geodesic. Hence we can say that
an isometry maps a shortest geodesic to a shortest geodesic. The isometry group
Isom(M,d) is the group consisting of all surjective isometries on (M, d). Let
a : G — Isom(M,d) be a strongly continuous homomorphism. Here strongly
continuous means that the map G — M, g — a(g)(z) is continuous for each
x € M. We can regard « as an isometric action of G on M, hence we call o an
isometric action. We write a(g)x as a(g)(z) for all g € G and x € M. We say «
has a global fized point xo € M if a(g)xy = z for all g € G.

Definition 2.1.1. We define F,, , : M — [0, 00) by

Fuple) = ( /. d(x,a<g>x>Pdu<g>)1/p for 1< p < oo,

Fo () := max d(x,a(g)r)

for each x € M. In particular, for a finitely generated group, we can write

1/p
Fop(a) = <Z d(z, a(v)w)pm(7)>

yeEK

for each 1 < p < oo and x € M.

For any xz,y € M and g € GG, we have
|d(z, a(g)z) — d(y, a(9)y)| < d(z,y) + d(a(9)z, a(g)y) = 2d(z,y).
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Hence d(z,a(g)x) is continuous in z. Because of the definition of 1 and the
continuity of d(z, a(g)x) in g, F,,, vanishes at xy € M if and only if z; is a global
fixed point of a. Using Minkowski’s inequality, for 1 < p < oo, we have

Fuplz) = (Layﬂaa@nvmxm)m)

1/p
(/GK(d(fv, y) +d(y, a(g)y) + d(a(g)y, a(g)w))pdu(g)>

( /g B d(y, a(g)y)pdu(g)) " +9 ( /g B iz, y)pdu(g)) 1/p

< Fop(y) +2d(z,y)

IA

IA

for all z,y € M. Hence we obtain |F, ,(x) — F, »(y)| < 2d(z,y), that is, F, , is
continuous for 1 < p < co. We can easily show |F, oo(2) — Fa o(y)| < 2d(zx,y)
for z,y € N, hence Fi,  is also continuous.

A function F' on a geodesic space M is said to be conver if, for any shortest
geodesic ¢ : [0,1] — M, F(c(tl)) < (1 —t)F(c(0)) 4+ tF(c(l)) for t € [0,1]. For
an isometric action « on a global Busemann NPC space (N,d) and a shortest
geodesic ¢ : [0,1] — N, by Theorem 1.1.3 and Minkowski’s inequality, we have

(1)) |
_ ( >amwm>)m

(e

1/p
< (Kl—t ma@wmmwmm)

IN

1/p
(1= )d oxmmdmw¢ﬂdma@wm»wmw)

N

1/p
+<Aﬁﬂd%a@k@»wmw)
= (1 - t)Fa,p(C(O)) + tFa,p(c(l))

for 1 < p < oo. Therefore F, , is convex for 1 < p < oo. The function F,  is
also convex by an easy computation.

Lemma 2.1.2. Let I' be a finitely generated group, w a non-principal ultrafilter
on N, and 1 < p < oo. Let {(My,,d,,0,)} be a sequence of metric spaces with
base points and «, an isometric action of I' on (M,,d,) for each n. Suppose
that F,, ,(0,) is bounded independently of n. Then we can define an isometric
action o, of T' on (M, d,) by ay,(v)z, = w-lim,(a,(y)z,) for all v € T and
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r, € M, where (x,) € My is a representative of x,. Moreover, F,  ,(z,) =
w-lim, Fy,, ,(z,) for all z, € M, and their representatives (x,) € My.

Proof. Since {F,, ,(0,)} is bounded independently of n, {d(0,, a,(7)o0,)} is also
bounded independently of n for all v € K. Since any (x,,) € M, satisfies

dn(Om an(’Y)xn) < dn(ona an(’Y)On) + dn(an(’y)om O‘n(V)xn)
= dp(on, an(7)0n) + dn(0n, x,)

for all v € T', n, we have (a,(y)z,) € Mw. For z,,y, € M,, take arbitrary
representatives (), (yn) € My respectively. Then, for each v € ', we have

Ay (0w ()T, (V)Yw) = W‘hgndn(an<7)xm@n(7)yn>

= w-limd,(z,, yn)

= dw(xw7 yw)'

Hence a,,(7) is well-defined and is an isometry on (M, d,,) for each v € I'. For
1,72 €T, 2, € M, and a representative (z,) € M, of x,

dy (0 (M172) Tws aw(11) 0w (12)2,) = w—ligln dn(an(7172)Tn, An (V1) n(Y2)Ts) = 0,

hence we get au(m72) = au(y)aw(V2). Thus a,(v)a,(y™!) is the identity
mapping. Hence each a,(v) is surjective. Moreover, a, is a homomorphism
from I' into Isom(M,,d,). Therefore a, is an isometric action. Since, for
each (z,) € My, {d(zn,a(y)z,)} is bounded independently of n, {F,, ,(z,)}
is also bounded independently of n. In the case that 1 < p < oo, using Lemma
1.2.2 and Lemma 1.2.4, and in the case that p = oo using Lemma 1.2.5, we
have F,, ,(v,) = w-lim, F,, ,(z,) for all z, € M, and their representatives
() € Muo. O

2.2 Absolute gradient

Throughout this section, let (M, d) be a complete geodesic space, and F' a convex
nonnegative lower semicontinuous function on M. In this section, we define the
absolute gradient of F on (M, d), and show some of its properties.

Definition 2.2.1. We define the absolute gradient |V_F| of F' at x € M by

IV_F|(z) := max { lim sup ) = FW). 0} .

y—x,yeM d(l‘, y)
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The following Proposition 2.2.2, Corollary 2.2.3 and Proposition 2.2.4 was
proved by Mayer [May98]|, when (M,d) is a Hadamard space. His proofs are
valid for complete geodesic spaces.

Proposition 2.2.2 ([May98], Proposition 2.34).

= max Ssu —F(x) _ F(y)
‘V_FK:E) B {y;éx,ypeM d(l’,y) ’ 0}

at all v € M.
Proof. Let x be an arbitrary point in M. It suffices to show that

F(x)—F F(x)—F
yrayerm  d(z,y) y—ayer  d(@,y)

Let y € M\{z} and ¢ : [0,1] — M be a shortest geodesic joining z to y. From the
convexity of F', we get t(F(x) — F(y)) < F(z) — F(c(tl)) for all t € [0,1]. Since
td(z,y) = d(x,c(tl)), we have

F@)=Fly) .. Flz)— F(e(t)
Aoy S Hmsup o

Because we can take y arbitrarily, we obtain
F(r) - F F(z)—F
ap FOLQ) oy (g £ )
yroyem  d(T,y) y#£z,yeM t—0 d(z, c(tl))

F(x)— F
< limsup M
y—ayer  d(z,Y)

]

We suppose that |V_F|(z) < oo for all x € M. Since F, , in Section 2.1
satisfies |Fy, ,(2) — Fo p(y)| < 2d(x,y) for all z,y € M, we have

F, — F,
V. Fu|(2) < limsup Forl® = Fap@
y—,yeM d(.T, y)

for all z € M. In particular, |[V_F, ,|(x) < oo for all x € M.

Corollary 2.2.3 ([May98], Corollary 2.35). A point xo € M minimizes F if and
only if |V_F| vanishes at xq.

Proof. If |V_F|(x¢) = 0, by Proposition 2.2.2, we have F(zy) < F(y) for all
y € M. Hence xg minimizes F'. The converse is obvious. [
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Proposition 2.2.4 ([May98], Proposition 2.25). The absolute gradient |V_F)| is
lower semicontinuous.

Proof. Since |V_F| is nonnegative, it is lower semicontinuous at all x € M such
that |[V_F|(z) = 0. Consider z € M such that |V_F|(z) > 0. For ¢ > 0 and
d > 0 with |V_F|(z) > 0, we can take y € M such that F(z) — F(y) > 0d(z,y)
and d(x,y) < €. From the lower semicontinuity of F' at x, we can take z € M
such that d(z,z) < ed(z,y) and F(x) — F(z) < ded(x,y). Let ¢ :[0,1] — M be a
shortest geodesic joining z to y. By the convexity of F', we have F'(z)— F(c(tl)) >
t(F(z) — F(y)). Since d(z,c(tl)) = td(z,y), we get

R = e 20

o F) = Fy)
B d(z,y)
_ F(Z)—F(fv)+F(fv)—F(y)
d(2,y) d(z,y)
—ded(z,y)  dd(z,y) B (1 —e)d(z,y)
T Ty ey Gy

Since d(z,y) < d(z,z) + d(x,y) < (14 €)d(z,y), we obtain

(1 —e)d(x,y) - (1 —¢)
d(z,y) 1+e

> §(1 — 2¢).

Therefore we have |V_F|(z) > §(1 — 2¢) for all z € M sufficiently close to z.
For the fixed ¢, if z approaches z, then we can take ¢ smaller. Hence we ob-
tain liminf, ., |V_F|(z) > 6. Since 6 with |V_F|(xz) > § is arbitrary, we have
liminf, ., |V_F|(2) > |V_F|(z). Therefore |V_F| is lower semicontinuous. O

Lemma 2.2.5 ([Tan]). inf,cp [V_F|(z) = 0.

Proof. Suppose that C' := inf,cp |V_F|(xz) > 0. Then

sup —— ————= >
y#x,yeM d(fL’, y)

for all x € M by Proposition 2.2.2. In particular, F' is positive. Let zo € M and
0 <e< 1, and set

AO = {ye M\{Q’Jo} : (1—€)O§ %_ZJF)‘@)}

By the definition of C, we have Ag # ().
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We may assume that inf,ec 4, F'(y) > 0. Indeed, set F'(x) := F(x) + 1 for all
x € M. Then F” is nonnegative and lower semicontinuous. Since, for any shortest
geodesic ¢ : [0,1] — N,

F'(c(t])) < (1 — t)F(c(0)) + tF(c(l)) + 1 = (1 — )F'(c(0)) + tF'(c(1))

for all t € [0,1], F’ is convex. Furthermore, |V_F|(z) = |V_F'|(x) for all z € N
by the definition of absolute gradient. Hence, if inf, ¢ 4, F'(y) = 0, then, replacing
F with F’, we can assume inf ¢4, F(y) > 0.

Take x; € Ag such that F(x) < (14 €)inf,ca, F(y), and set

F(zy) — F(y) }
d(l‘by) ‘

By the definition of C, we have A; # (0. As F(z1) < F(xo), xo ¢ A;. Since

x1 € Ay, for any y € A; we obtain

Floo) = Fly) _ (Flan) = F(an) + (Fla) — F(w))
d(o,y) N d(zo, 1) + d(21,9)
(1—¢)Cd(xg,21) + (1 —€)Cd(x1,y)
N d(zg, 21) + d(21,y)
= (1—-¢C.

Ay = {y € M\{z1}: (1—¢)C <

Hence y € Ay, that is, A; C Ag. Thus inf,c4, F(y) > 0. Inductively, for each
i € N, take x; € A;_q such that F(z;) < (14 €")infyeca, , F(y), and set

F(x;) — F(y)}
d(zi, y) '

We can also show that A; # 0, A; C A;_1, and infyc 4, F(y) > 0 for each i. Thus,
for y € A; we have

A; = {y e M\{z;}: (1—¢)C <

. < A\ T AI)
- (1+€)inf,ea, , F(2) —inf,cq, F(2)
- (1—¢)C
< (1+€)inf,ea, , F(2) —inf,ca, , F(2)
- (1—-¢)C
_ €infaeq,, F(2)
B (1—-¢)C

Since z; € A;—y and F(x;) < F(x;_1) for each i, we have

€ F(z;) € F (o)
deey) S T”g6 < T=ac
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for all y € A;. Thus for any ¢ > 0 there exists j such that

€ F(xo) ,

diamAZ-§2(1_€)C<e

for all ¢+ > j, where diam A; is the diameter of A;. Furthermore, {z;}ien C
M satisfies d(xj, x;) < diam A; for all 5,k > i. Since M is complete, {z;}ien
converges to some To, € M. Thus ()2,(A; U {x;}) is either the one-point set
{Zo} or 0.

By the way, 1/d(z;,y) is continuous on the open set M\{x;}, and —F' is upper
semicontinuous on M. Thus
F(x;) — F(y)
is upper semicontinuous on M\{z;}. Hence {y € M\{z;} : F!(y) < r} is open

for any r > 0. Since

{y e M\{zi} : F/(y) < (1 = e)C} = M\({ye M :(1—¢)C < F/(y)}U{z})
= M\(A; U{zi}),

Fi(y) =

A;U{xz;} is closed for all i. This implies that ()2 (A; U{z;}) = {2 }. However,
by the assumption that C' > 0, there exists yo € M\{z} such that
F(xoo> — F(yO)

d(IL’OO, ?/0)

(1-¢)C <

Since T, € Ajr1U{m;11}, we get xo € A; for alli. Hence F(yg) < F(2o0) < F(x)
for all . Thus z; # yo and

Fz:) = Flyo) o (F(@) = Fla)) + (F(2e) = Fly0))
d(s, yo) B d(Ti; Too) + d(Zoos Yo)
(1 —€)Cd(x;, xs0) + (1 — €)Cd(200, yo)
- d(x;, Too) + d(T oo, Yo)
= (1-¢)C

for all 4. This implies that yo € ;2 (A; U{z;}) = {2}, that is, 2o = yo. This
contradicts the assumption that yo € M\{z}.
[l

Corollary 2.2.6. There exists {y,} C M such that |V_F|(y,) — 0 as n — oo.
If {yn} converges to ys € M, then yo, minimizes F.

Proof. By Lemma 2.2.5, the existence of such a sequence {y,} C M is obvious.
If {y,} converges to Yo, € M, then, by Proposition 2.2.4, we have |V_F|(ys) <
limy, oo [V_F|(yn) = 0. It follows from Corollary 2.2.3 that y., minimizes F. [
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2.3 Affine isometric actions

In this section, we give the definitions of linear isometric representations and affine
isometric actions of a finitely generated group, and the first cohomology with
respect to a linear isometric representation. Furthermore, we will give explicit
expression of |V_F, ,| for an affine isometric action a on a strictly convex and
smooth real Banach space and a uniformly convex and uniformly smooth Banach
space. In particular, in Corollary 2.3.4, we will see that the expression of |V_F, ,|
matches with the affine isometric action on LP with 1 < p < oo.

Let T" be a finitely generated group, K a finite generating subset of I', m a
weight on K, and (B, || ||) a Banach space. The orthogonal group O(B) of B is
the group of all surjective linear isometries on B. An isometry 7" on B is said
to be affine if it is written as Tv = Lv + u by some linear isometry L on B and
u € B. If we fix the origin of B, then this decomposition is unique. The affine
isometry group Aff(B) of B is the group of all surjective affine isometries on B,
that is, Aff(B) = O(B) x B. A classical theorem of Mazur-Ulam says that every
surjective isometry on a real Banach space is affine (see [BLO00]). Hence, if B is
real, Aff(B) coincides with Isom(B, || ||).

A linear isometric representation of I' on B is a homomorphism from I' into
O(B). For example, the left regular representation Ar , of I" on ¢*(I") with respect
to the uniform measure on I' is defined by Ar ,(7)f(7) = f(y'v') for each
fe?(l') and v,7 €T, it is a linear isometric representation of I' on ¢*(I"). An
affine isometric action of I' on B is a homomorphism from I' into Aff(B). For
a linear isometric representation w, ¢ : I' — B is called a w-cocycle if it satisfies
c(vy) = m(y)e(y') + () for all 4,+" € T'. A cocycle is completely determined by
its values on K. An affine isometric action « has the form a(y)v = 7(y)v + c(v)
for each v € I' and v € B, where 7 is a linear isometric representation and c is
a m-cocycle. We call w the linear part of o and ¢ the cocycle part of o, and we
write a =1+ c.

Let 7 be a linear isometric representation of I on B. We denote by Z!(r) the
linear space consisting of all m-cocycles. We define a linear map d : B — Z'(m)
by dv(vy) := v — m(y)v for each v € B and v € I'. Here, for v € B,

dv(yY) = v—m(yy)v = (v =7(y)v) + (7 (y)v =7 (V)7 (Y )v) = dv(y) +7(y)dv(y)

for all 4,7" € T, hence d is well-defined. We set B'(r) := d(B), and we call an
element in B(7) a w-coboundary. Tt is a linear subspace of Z!(7). If © has no
non-trivial invariant vector, then d is an isomorphism from B onto B!(r).

The space Z*(7) describes the set of all affine isometric actions of I on B with
the linear part m. Each m-coboundary corresponds to such an affine isometric
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action having a global fixed point. Indeed, if an affine isometric action a = 7+ ¢
fixes v € B, then we have ¢(v) = a(y)v — 7(y)v = v — w(y)v = dv(y) for all
v € I'. Hence ¢ is dv. On the contrary, if ¢ is dv, then a(y)v = w(y)v+dv(y) =v
for all v € I'. Hence v is a global fixed point of a.. The first cohomology of I' with
respect to wis H(T', ) := Z'(n)/B*(r). Note that H'(T', 7) vanishes if and only
if every affine isometric action of I' on B with the linear part 7 has a global fixed
point.
We endow Z'(7) with the norm

lelly == (ZH )[Pm(y )Up

yeK

for 1 < p < oo, or the norm
leloo = max fle()]I

Then Z'(7) becomes a Banach space with respect to each of these norms. Note
that, in general, B*(r) is not closed in Z!(). Since

1/p 1/p
ldvll, = <Z||v—7r Ipm(v)> S(Z@HUH)”WL(V)) = 2||v]]

yeEK yEK

and ||dv||w = max ek ||[v—7(7)v|| < 2||v|| for all v € B, d is bounded with respect
to each of these norms. For an affine isometric action « = 7+ cand 1 < p < o0,
F, »(v) coincides with ||dv — ¢||, at each v € B.

Lemma 2.3.1. Let F' be a convex function on B. Then we have

F(v)—F Fv) - F
lim sup Flo) = Flw) = sup lim ) e '
w—v,ueB [V — | ueB; ul]=1 <0 ¢

Proof. Since F' is convex, for t > s > 0, we have
F(v+su) < (1 — ;) F(v) + ;F(U + tu).

Hence we have
F(v) — F(v + tu)

F(v) — F(v—i—su).

<
t - S
This implies that
hmF(v)—F(v—l—eu) :supF(U)_F(U+SU).
e—0 € 5>0 S
This completes the proof. O
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Proposition 2.3.2. Suppose that K is symmetric, m is symmetric, and B is
strictly convex, smooth and real. Let « = m+ ¢ be an affine isometric action of T’
on B, and 1 < p < co. Forv € B such that F, ,(v) >0, we have

V- Fo,pl(v)
1 P~ Litw — a(y)v)(u — 7 (y)u)m
= ergllﬁll IZHU—(% vllP7 5 = a(y)o)(u = m(y)u)m(y)

yeK

1Dl = a(ylPT m()i(v — aly)v)

yeEK

(v
B*
In particular, if o is linear, then |V_F, ,|(v) > F, ,(v)/||v| for all v € B\{0}.

Proof. Let v € B such that F, ,(v) > 0. Since F, , is convex, by Lemma 2.3.1,
we have

E -k F, ~F
lim sup p (V) o (1) = sup lim a,p(V) a,p(V + eu).

u—v,u€EB ||U - UH u€B;||ul|=1 =0 €

To calculate the right hand side, we use an inequality in [HLP52, (2.15.1)]:
pb"Ha —b) < aP — b < pa”(a — D)

for a,b > 0. Set T'(y)u := u — a(y)u and To(y)u = u — w(y)u for each v € K
and u € B. Then, for a small € > 0, we have
Fop(v) = Fy p(v+ €u)

€

Fo p(0)? — Fp (v + eu)?

= pFo p(v + eu)r—le
T P T(v)(v+ eu)||P
_ Z}j{” pﬁapjfeifp o W o)
[Tl TGl = IT(0) (@ +ew)
- K(F<+> c )mm.

Similarly, we have

Fop(v) = Fy p(v 4+ €u)

€
17(7) (v + ew) [P [T (v)v]| = |T() (v + eu)]|]
> .
> > (Fs e )
vyeK )
Since B is smooth, for v € K such that T'(y)v # 0,
liy [Tl = [T (v +ew)|| i [T (y)oll = [IT'(y)v + eTo(y)ull
€— € €e—

= (T () (To()u),
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and, for v € K such that T'(y)v = 0,

L TORl = IT e+ e

e—0 € e—0

B .

Therefore, by the assumption that 1 < p < oo, we have

iy 3 (2 I el

Tk Fop(v + eu)p™! ¢

. T v+ e)P 1T (Nl = IT v+ €eu
) l%;(H (e -l O TN+l
= o ORI G yoymywymi)

veK Fop(v)r=

= Eop D NTE)lP GT (v = F(T(y)v)m(v)u)m(y).

yeK

If the last line of this equality is nonnegative, then the first equality in the propo-
sition is proved. To prove this, we continue the computation of the last line of
this equality. For arbitrary v € K, since 7(7) is a surjective linear isometry,

13T (v)o)m (V)] 5+

= [3(T()v)l[p- =1

and

G(T o)) 7(y T (o = 1Tl = |7 (v )T ()]l
Due to the smoothness of B, these equalities imply that j(7'(y)v)r(y) coincides
with j(m (v )T (v)v). Since c(e) = c(ee) = w(e)c(e)+c(e) = 2¢(e) for the identity

element e of T, ¢(e) is trivial. Hence we have w(y1)c(y) +c(v7!) = (v 19) =0
for all 4,~+" € T". Since

Ty T (v = 7y o —n(y Haly)v
= )

we get j(T(y)v)m(y) = j(=T(v"")v) = =j(T(y")v). Because

1T (vl = llw (v )T (vl = [T ()]
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and m is symmetric, we have

D MTE)lP T ()oyu = (T (o) (v)u)m(y)

yeEK

= Y IOl (T )+ (T um()

yeK

= D Tl G Gyoyu)my) + YT elP GG e)uym(y™)

YEK yeEK

= 2 Tl G (n)o)w)m(y).

yeEK
Hence we obtain

F, - F,
lim sup (V) p(w)
u—v,uEB HU - UH

— s (ZHT yolP~m ()'(T(v)v)>u

weB;|lul|=1 Fop(vpt b

ZIIT v[PT m()3 (T (y)v)

B*

Since the last line of the above equality is nonnegative, we have

E, — F,
[V_Fy,p|(v) = limsup (V) ,p(u)'
u—v,u€B HU — ’LLH

If « is linear, then o = 7. Substituting v/||v|| for u in
Fo T Dl —aelP i = a(y)o)(w = m(v)u)m(v),
vyeK
we obtain |V_F, ,|(v) > F, ,(v)/||v] for any v € B\{0}. O
Proposition 2.3.3. Suppose that K is symmetric, m s symmetric, and B is

uniformly convex and uniformly smooth. Let o = m + ¢ be an affine isometric
action of I' on B, and 1 < p < co. Then, for v € B with F, ,(v) > 0, we have

V. ol (0)
1
= T - Su v—a(y lee v —a(y)v)(u—m(y)u)m
Fo (0P —UGB”};HZH ol Rej(v — a(y)v) (u — w(x)u)m(y)

YEK

)v|[P~'m(y) Re j(v — a(y)v)

Oé
B*

Here Re j(u) is the real-valued part of j(u) for u € B.
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Proof. Set T'(y)u := u — a(y)u and Ty(y)u := u — w(vy)u for each v € B and
v € K. These are continuous on B. Let v € B such that F, ,(v) > 0. As
Proposition 2.3.2, for a small € > 0 we have

Fop(v) = Fy p(v+ €u)

< Z( 17 ()oll” ||T(7)U||—||T(7)(U+€U)||)m(7)7

Fo p(v+eu)p! €

yEK

and
Fo p(v) — Fy p(v 4+ €u)
>3 (I!T(v)(v + e[ 1T (vl = I1T(n) (v + EU)H> m().

F, p(v)p~t €

yeK

For v € K such that T'(y)v # 0, we get

IT(y)vll = IT(v)(v +euw)|]] < Rej(T(y)o)(T(v)v = T(y)(v + eu))
= —eRej(T(v)v)(To(7)u),

and

[T(V)oll = [[T(v)(v+ew)]| = Rej(T'(y)(v+ew))(T(y)v —T(y)(v+ eu))
—eRej(T(v)(v + ew)(To(y)u).

Since T'(7y) is continuous, T'(y)(v + eu) converges to T'(y)v as € — 0. Because
T(y)(v+ eu) = T(y)v + €Tp(y)u, we have

T)w+ew — T
[T (v +ew)l| T ()0l
T+ elp(yu Ty T+ e H
[T +ew)l [TH)w+ew)] [T ()
_ (1 B HT(’V)(UJFGU)H) T(y)v . To(y)u H
1T ()l IT() (@ +e)] T () (v + eu)]
Hence, by Proposition 1.3.5, Re j(T'(y)(v + eu)) converges to Re j(T'(y)v) in B*
as € — 0. On the other hand, for 7 € K such that T'(y)v = 0, we have

IT()oll = IT() (v + ew)|| _ =[leTo(y)ull _

—ITo(y)ul|-
Hence we have

 Fogl) = Faplv+eu) _ 17 ()
5 > ( Fo (o)t

im : Rej(T()0)(Ta)0) ) (o),

Therefore, as in the proof of Proposition 2.3.2, the proposition follows. O
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Corollary 2.3.4. Let 1 < p < oo and « be an affine isometric action of T’
on LP(W,v), where (W,v) is a measure space. For any f € LP(W,v) such that
Fop(f) >0, we have |V_F, ,|(f) = 2||G|lLaqwp)/Fa,p(f)P~. Here q is the con-
Jugate exponent of p, that is, ¢ = p/(p — 1), and

= Y1) - a()F@)P 2 Re(f(z) — a(y)f(2))m(7)

yeEK

for x € W, where Re(a) is the real part of a, and |f(x) — a(y)f(z)|P™2 = 0 if
f(x) = a(y)f(z) and p < 2.

Proof. For f € LP(W,v), we have j(f) = |f|P~ 2f/||f||Lp W), Where f is the
complex conjugation of f. Indeed, we have

/(M) v = [ O gy = Wl e

Hf| Lr(Wuv ||f| LP(WV) ||f| LP(WV)
and
p—2f ! (p—1)q P
w HfHLP W) HfHLp(W,, w HfHL”(W,V)
We have thus proved the corollary. O
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Chapter 3

A fixed-point property for global
Busemann NPC spaces

In this chapter, we will prove Theorem 1 and Theorem 2. These theorems say that
the existence of a global fixed point of isometric action a on a global Busemann
NPC space can be detected by the values of |V_F,, ,|. These theorems generalize
results in [INO5] and [IKN09] for isometric actions on Hadamard spaces. Also,
we will give some examples of families satisfying the assumption of Theorem 2.

3.1 Proof of Theorem 1 and Theorem 2

Theorem 1. Let G be a compactly generated group, (N,d) a global Busemann
NPC space, and 1 < p < co. For an isometric action « of G on (N,d), if there
exists C > 0 such that |V_F, ,|(z) > C for all x € N with F, ,(xz) > 0, then «
has a global fixed point.

Proof. Since F, , is continuous and convex, inf ey |V_F, p|(x) = 0 by Lemma
2.2.5. Hence, by the assumption of the theorem, there exists zo € N with
F, »(xo) = 0. The point z¢ is a global fixed point of a. O

As mentioned in Introduction, in [IN05], to investigate the existence of a global
fixed point of an isometric action « of a finitely generated group I' on a Hadamard
space Y, they used the energy functional F, on the set Z of all a-equivariant maps
from a countable I'-space X equipped with an admissible weight into Y. If X is
[, then Z can be identified with Y, and E,(z) = > . d(z,a(y)z)*m(y)/2 =
F, 2(x)?/2 for each x € Y. To see the existence of a global fixed point of «, they
assume that there exists C' > 0 such that |V_E,|(z)? > CE,(z) for all z € Y.
The inequality |V_E,|(z)? > CE,(z) for all x € Y is equivalent to the inequality
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IV_F, o|(z) > +/C/2 for all x € Y such that F, ,(x) > 0. Indeed,

Ea(w) = Ea(y) (Fa2(2))* = (Fa,2(y))*
2

for all z,y € Y with x # y. Hence we obtain

E.(z) — E,
IV_E,|(z) = max{limsup () (y)’ 0}
y—z,yeM d(z,y)
F

F,
= max< F, o(x) limsu
{ 72( ) yﬂx,yelli\)/l d(x7 y)

Fo2(2)|V-Fua,|(x)

for all z € Y. Hence their assumption is equivalent to the one in Theorem 1.
Therefore Theorem 1 should be regarded as a generalization of a result in [IN05].

In the same spirit, using Propositions 2.3.2 and 2.3.3, for an affine isometric
action a of I' on a strictly convex, smooth, and real or uniformly convex and
uniformly smooth Banach space B, the assumption that |V_F, ,|(v) > C for all
v € B with F, ,(v) > 0 can be replaced with the following:

) , C -
> o —a(elltm() Rej(v — a(m)o)|| = Fap(o)
vEK B*

for all v € B.

Theorem 2. Let I' be a finitely generated group. Fix a finite generating subset
K and a weight on K. Let L a family of global Busemann NPC' spaces, and
1 <p < 0. Suppose L is stable under scaling ultralimit. Then the following are
equivalent:

(i) For any (N,d) € L, every isometric action of I on (N,d) has a global fized
point.

(ii) For any (N,d) € L and isometric action o of I' on (N,d), there ezists
C > 0 such that |V_F, ,|(x) > C for all x € N with F, ,(z) > 0.

Furthermore, in (ii), C' can be a constant independent of (N,d) and «.

Proof. Because of Theorem 1, (ii) implies (i). We assume (i). To show that
(ii) is true and that C' is independent of (N,d) and «, we assume the contrary,
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and deduce a contradiction. By the assumption, we have {(N,,d,)} C L, iso-
metric actions «,, of I' on (N,,d,), and z,, € N,, such that F,, ,(x,) > 0 and
IV_F,, ,|(xz,) < 1/n for each n. Set

n)'nr'n

(N/ d, .CE,) = (den/Fan,p(mn)?xn)

for each n. Then we can regard «, as an isometric action of I on (N/,d!) for

each n, and we denote it by o/,. By the definitions of Fi, , and |V_F, ,|, we
have Fyy o(x;,) = L and |[V_Fy ,|(z)) = |V_F,, »|(2,). Owing to the assumption,
there exists y;, € N), with F,, ,(y,) = 0 for each n. Therefore Corollary 2.2.3
implies that |V_F,, ,|(z;) > 0. Since {Fy ,(z},)} is uniformly bounded inde-
pendently of n, we can define o, of {/,} and we have F,, ,(z,) =1 by Lemma
2.1.2. We will show that z, minimizes F,, ,. We take an arbitrary y € N,,
and let (y,) € N be a representative of y. Then there exists C' > 0 such that

{d(z!,y,)} is bounded by C' independently of n. By Proposition 2.2.2, we have

Foy, p(0) = Fay, p(Yn)
dn($;l7 yn)

V- Fu pl(27,) >

for each n. By the assumption, we get

Fag, p(w0) = Fag, p(yn) < dn (2, yn) V- Foy, pl(7) <

3|

By Lemma 2.1.2, we have

VAN

For, p(w,) = Foy, p(y) = w-lim(Fyy p(27,) = Foy p(yn)) < 0.

Therefore F,, ,(x),) < Fu p(y) for all y € N,,. This means that 2/, minimizes
F. ». However, z/, is not a global fixed point, because Fy ,(x,) = 1. This
contradicts (i). O

3.2 Examples

Next, we give some examples of a family of global Busemann NPC spaces which
is stable under scaling ultralimit.

For a fixed p with 1 < p < oo, the family of all L? is an example of such
a family (see [AK90, II Theorem 2.9] and [Hei80]). In particular, the family of
all Hilbert spaces is also an example of such a family. The following are also
examples of such a family.

Example 3.2.1. Let § : (0,2] — (0, 1] be a left continuous, monotone increasing
function. Let L5 be the family consisting of all Banach spaces B such that
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dp(e) > 6(e). Then L; is a family of global Busemann NPC spaces which is
stable under scaling ultralimit, as we explain below. First note that B € Ls
is uniformly convex, hence B is a global Busemann NPC space. Let w be a
non-principal ultrafilter, {(B,, || ||n,0n)} C L5 and {r,} C R with r, > 0. Set
(Bo, || |I2,) == w-lim,(B,, s |ln,0n). For 0 < € < 2, we take u,v € B, with
llu|l, = ||v|l., = 1 and |ju — v||/, > €. For representatives (u,) of v and (v,) of v
and 0 < n < e, if |rplju, — vplln — |lu—2||,,| < n, then we have r,||u, — v, ||, >
|lu—wvl||!, —n >e—n. Hence

{neN:[rllunlln =1 <n, | rallvalln =1 <0, rollun = valln > € =n} € w.

This set is contained in

neN: TnHuan <1, TnHUan <1, Tn”un_Uan > €—1T .
1+n 1+n 1+n 1+n

Therefore, by the uniform convexity and the assumption on the modulus of con-

TnHun—i_Uan (6—77)}
eN: ———<1-§ | —— € w.
{” 2oL+ - 1+n)) ="

Since 7 is arbitrary, we have

M< inf (1+17) (1—5(“")) = 1—4(e),

T 0<n<e 147

vexity,

that is, dg,(€) > d(e) for 0 < e < 2.

Example 3.2.2. We fix £ > 0. Let £; be the family of all global Busemann
NPC spaces (N,rd), where r > 0 and (V,d) is a global Busemann NPC space
with the following condition: For any € N and shortest geodesic ¢ : [0,1] — N,

kd(z, c(tl))? < (1 — t)d(z, c(0)) + td(z, c(1))? — (1 — £)td(c(0), c(1))?

for 0 < t < 1. Then L, is stable under scaling ultralimit. In particular, £
consists of all Hadamard spaces.

The reason why L; is stable under scaling ultralimit is the following: Let
w be a non-principal ultrafilter. By the definition of L, we need only to show
that for {(N,,dn,0n)} C L, (N, dy) = w-lim, (N, d,, 0,) € L. Take arbitrary
x,y € N, and their representatives (x,), (yn) € Ny respectively. For each n, we
take a shortest geodesic ¢, : [0,1,] — N, joining z, to y,, then ¢, : [0,1,] — N,
defined by ¢, (t) := w-lim, ¢,(tl,/l,) is a shortest geodesic joining x to y, and
l, = dy(z,y). Assume there exists another shortest geodesic ¢ : [0,l] — N,
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joining = to y, where | = [,,. Let (¢,(t)) be an arbitrary representative of é(t) for
each t € [0,1]. By the definition of Ly, for each n we have

kd, (G, (), cn(tl,))?
< (1 =1)dn(En(tl), cn(0))? + tdn (En (), cn(1n))* — (1 — )tdn(cn(0), cn(ln))?
(1 = 1){dn(Ca(t1), a(0))* = (tdn(ca(0), calln)))*}
HH{dn (En(t), en(ln))? = ((1 = )dn(ca(0), calln)))*}
= (1= t){dn(Cn(tl), 20)* = (1)} + t{dn(n(t]), yn)* — (1 = 1)0n)"}

for 0 <t < 1. Hence we obtain
ko (E(t), cu(tl,))? < (1= ){(t)* = (t1.)*} + t{((1 = )1)* = (1 = 1)lu)*} =0

for 0 <t < 1. This contradicts the assumption that ¢ # ¢,. Therefore the
shortest geodesic joining = to y is unique, and it is the ultralimit of shortest
geodesics. Hence, by Lemma 1.2.2 and Lemma 1.2.3, the Busemann NPC in-
equalities for (N,,d,) implies the Busemann NPC inequality for (N,,d,). By
Lemma 1.2.2, Lemma 1.2.3 and Lemma 1.2.4, for any € N, and shortest
geodesic ¢ : [0,1] — N, we have

kd,(z,c(t))* < (1 —t)d,(z,c(0))* + td,(x, c(1)* — (1 — t)td,(c(0), c(1))?
for0 <t <1.

Example 3.2.3. We fix £ > 0. Let £’} be a family of all global Busemann NPC
spaces (N, rd), where r > 0 and (IV, d) is a global Busemann NPC space with the
following condition: For any = € N and shortest geodesic ¢ : [0,{] — N,

d(z, c(t)? < (1 — t)d(z, ¢(0))? + td(z, (1)) — k(1 — t)td(c(0), c(1))?

for 0 <t < 1. The metric space satisfying this inequality was introduced by Ohta
[Oht07]. He proves that this inequality implies the inequality in the definition
of L. For an ultralimit (N, d,) of a sequence of global Busemann NPC spaces
in L'}, using the proof that £ is stable under scaling ultralimit, we can show
that a shortest geodesic joining arbitrary two points in N, is unique, and it is
the ultralimit of shortest geodesics. Hence, by Lemma 1.2.2 and Lemma 1.2.3,
the Busemann NPC inequality for (/V,,d,,) holds. By Lemma 1.2.2, Lemma 1.2.3
and Lemma 1.2.4, for any = € N, and shortest geodesic ¢ : [0,1] — N, we have

d(z, c(t)? < (1 — t)dy(z, ¢(0))? + td,(z, c(1))? — k(1 — t)td,(c(0), c(1))?

for 0 <t < 1. Therefore, £';, is also stable under scaling ultralimit.
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Chapter 4

A fixed-point property for
Banach spaces

In this chapter, first, we will give a proof of Theorem 4. Second, we will apply
Theorem 4 to the left regular representation Ar , of a finitely generated group
[ on 7(I") with 1 < p < oo. Finally, we will prove Theorem 3 and Proposition
5, which state relations between Property (Fg), Property (T) and the values of
IV_F, |

4.1 Proof of Theorem 4

Let I" be a finitely generated group, K a finite generating subset of I', m a weight
on K, and B a strictly convex Banach space.

Theorem 4. Let w be a linear isometric representation of I' on B, and 1 <
p < oo. Suppose w has no non-trivial invariant vector. Then the following are
equivalent:

(i) The first cohomology H* (T, ) vanishes.

(ii) For any affine isometric action o of I' on B with the linear part 7, there
ezists C' > 0 such that |V_F,, ,|(v) > C for all v € B with F, ,(v) > 0.

Furthermore, in (ii), C' can be a constant independent of .

Proof. Due to Theorem 1, for an affine isometric action «, if there exists C' > 0
such that |V_F, ,|(v) > C for all v € B such that F, ,(v) > 0, then « has a
global fixed point. Hence H'(T', ) vanishes.

Conversely, we assume that H'(T, ) vanishes. Hence B'(7) coincides with
ZY(m). Since 7 has no non-trivial invariant vector, d : B — B!(r) is one-to-
one. Hence the open mapping theorem implies that the inverse map d=! of d
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is bounded. Thus there exists C, > 0 satisfying |[v| = [|[d"!(dv)| < C,|dv]|,
for all v € B. Take an arbitrary affine isometric action a of I' on B with the
linear part . Then there exists a global fixed point vy € B of a. Since m(vy)v =
a(y)(v+wvy) —vp for all v € B and v € T, we have F, ,(v + vy) = Fy ,(v) for all
v € B. Therefore we may assume that o coincides with 7. By the definition of

d, we have Fy ,(v) = ||dv||, for all v € B. Hence we have
F7r — Fr (e . ldvl, — ||dve d
P (0) > tim P = Prp(t) ol — ol ol 1
it [v = vcl] =0 €|l <0 ¢fv] C
for all non-trivial v € B, where v, := (1 — €)v for € > 0. Since Fy ,(0) = 0, we
have completed the proof. ]

Suppose that K is symmetric and m is symmetric in the rest of this section.
Let a = 7+ ¢ be an affine isometric action of I' on B. Then we have v — a(v)v =
(dv—c)(y) for all y € I and v € B. By Proposition 2.3.2 and Proposition 2.3.3, if
B is strictly convex, smooth and real, or uniformly convex and uniformly smooth,
then for 1 < p < o0

[V Fopl(v) = > lldo = )P~ m(y) Rej((dv = ¢)(7))

fldw —c[5™
vyeK

B*

for all v € B such that ||dv — c||, > 0. Here Re is trivial, when B is real. Hence,
for C' >0, [V_F, ,|(v) > C for all v € B such that F, ,(v) > 0 if and only if

C

-1
> EHdv — |y

B*

> lido = )7 'm(y) Rej((dv = ¢)(7))

yeEK

for all v € B. There exists a one-to-one correspondence between Z'(7) and the
set of all affine isometric actions with the linear part = when the origin of B is
fixed. Since dv—c is a m-cocycle, from Theorem 4, we have the following corollary.

Corollary 4.1.1. Let 7 be a linear isometric representation of I' on B, and 1 <
p < oo. Suppose that B is either strictly convex, smooth and real, or uniformly
convex and uniformly smooth, and m has no non-trivial invariant vector. Then
HY(T, 7) vanishes if and only if there exists C > 0 such that

D lle) P~ m() Re j(e(y))

yeEK

> Cllelly™

B*

for all c € Z' ().
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4.2 p-Laplacian

Let I' be a finitely generated infinite group, K a symmetric finite generating
subset of I, m a symmetric weight on K, and 1 < p < oco. We denote by C the
space of all complex numbers.

We denote by F(I') the space of all complex-valued (or real-valued) functions
on I'. The left regular representation Ar of I' on F(I') is defined by Ar(7)f(y') =
f(v1') for each f € F(I') and v,4" € I'. The Lebesgue space (P(T') is the
Banach space {f € F(I') : > p|f(7)P < oo} with the norm [|fepr) =
(X er |£(7)[P)'/P. The restriction of Ar to ¢7(T) is a linear isometric representa-
tion with no non-trivial invariant vector, and we denote it by Ar ,. We define a
linear map d on F(I') into itself by df (y) := f — Ar()f for each f € F(I') and
v € T'. We say that f € F(T') is p-Dirichlet finite if df € ¢P(T"), and we denote by
D, (I') the space of all p-Dirichlet finite functions.

The space of all constant functions on I' is a subspace of D,(I"), and is regarded
as C (or R). Since this is the kernel of d, we can define a norm on D,(I")/C (or

Dy(T)/R) by [ fllp,ry = (X, ex 1df (1)l (7))!7. The space £7(T) is also a
subspace of D,(I"). Because

Arp(MAf(Y) +df(v) = Ae(V)f = AeMAc(Y)f +f = () f
= f=x()f
= df(vy)

for all f € D,(T') and 7,7’ € T, we obtain df € Z'(\r ) for f € D,(T).

Furthermore, it is known that d(D,(T")) = Z*(Ar,,). Recall that B'(\r ) =
d(¢?(I')). Therefore d induces the isometric isomorphism from D,(I')/C (or
D,(T')/R) onto Z'(TI') and the (linear) isomorphism from D,(I")/(¢*(I") & C) (or
D,(I)/(¢*(T") @& R)) onto H* (', Ar). This is pointed out in [Pul03] and [Pul06].
Hence, for any affine isometric action a on ¢P(I') with the linear part Ar ,, there
exists a unique f, € D,(I') up to constant such that the cocycle part ¢ of «
coincides with df, and |[c[|, = || fallp,()-

The p-Laplacian A, f of f € D,(I") is defined by

=D ldf () (@)~ Re(df () (@))m(7).

yeEK

Since Fy, ,(f) = ||df —dfall, = ||.f = fallp,) for all f € ¢7(I), by Corollary 2.3.4,
we have
2118, (f = fa)lleaqry

1=l

V- Fopl(f) =
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for all f € ¢?(I') such that F, ,(f) > 0. Using Corollary 4.1.1, we have the
following corollary of Theorem 4.

Corollary 4.2.1. The first cohomology H'(T', A\r,,) vanishes if and only if there
eists C > 0 such that || Apf |,y = CHfH%_p%F) for all f € D,(I).

4.3 Properties (Fg), (Tp) and (AGg ,)

In this section, we review the definitions of Property (Fp) and Property (1),
which ware introduced in [BFGMO7], and will introduce a new property: Property
(AGp ;). Also, we will prove Theorem 3 and Proposition 5.

Let I be a finitely generated group, K a finite generating subset, and m a
weight. Let B be a Banach space and 1 < p < oo.

Definition 4.3.1 ([BFGMO07]). We say I" has Property (Fp) if every affine iso-
metric action of I' on B has a global fixed point.

For a linear isometric representation m of I' on B, we denote by B™) the
closed subspace consisting of all invariant vectors of m. We can define a linear
isometric representation 7’ of I on B/B™") by 7'(vy)[v] := [x(y)v] for each v € B
and v € I', where [v] is the equivalence class of v.

Definition 4.3.2 ([BEGMO07]). We say I' has Property (Tp) if, for every non-
trivial linear isometric representation 7 of I' on B, there exists C' > 0 such that
max,cr [|[u — 7' (y)u| > C|jul| for all u € B/B™).

We rewrite the theorem due to A. Guichardet.
Theorem 4.3.3 ([Gui72]). IfT" has Property (F'g), then it has Property (Tg).
For an affine isometric action &« = w + ¢ of I' on B, we can define an affine
isometric action o/ on B’ := B/B™0) by o/ (y)[v] := [a(y)v] = 7'()[v] + [e(7)]

for each v € B and v €T

Definition 4.3.4. We say I' has Property (AGg ,) if, for every affine isometric
action a of I on B, there exists C' > 0 such that |V_Fy ,|(u) > C for all u € B’
with F ,(u) > 0.

Theorem 3. If I has Property (Fg), then it has Property (AGg ,) for 1 <p <
00.
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Proof. Take an arbitrary affine isometric action & = m+c¢ of I' on B. Since I" has
Property (Fj), there exists a global fixed point vy of ae. We can regard [vg] as the
origin 0 of B’, hence we may assume that o/ coincides with 7’. By Guichardet’s
theorem, we have C' > 0 such that max,cx ||u — 7'(y)ul| > C|lu|| for all u € B'.
For v € B’, since
, P _ P > _ ! P mi
Fop(0) =3 v = (n)ol'm(y) = max [l — ' (7)o" minm(y),
yeEK

we obtain Fy ,(v) > C||v||(min,ex m(7))/?. Set v, = (1—e)v for e > 0. If v # 0,
because Fy p(ve) = (1 — €)F p(v) for € > 0, we have

Fo o (v) — Fp o p
IV Frr pl (v) > lim — p0) = Frrp(ve) lim efwpl0) > C' | minm(y) .
’ 0 o = vell =0 €lv]] 7ER
Since Fy ,(0) = 0, this completes the proof. ]

We can not use Theorem 4 to prove Theorem 3, because some affine isometric
action on B’ may not extend to B.

The converse of Theorem 3 is false, because Z has Property (AGg ,) with
1 < p < oo but does not have Property (Fg). Indeed, Z acts on R by isometric
translations: a(n)t :=t +n for each t € R and n € Z. Hence Z does not have
Property (Fg). On the other hand, for an affine isometric action « with the
trivial linear part, F, , = 0. For an affine isometric action o with a non-trivial
linear part, rescaling the metric of R, we can describe o as o/ (2n+ 1)t := —t+s
and o/(2n)t := t for each t € R and n € Z, where s € R. The action o’ fixes
only s/2. The set K = {1} is a finite generating subset of Z and a function m
defined by m(1) = 1 is a weight. Then F,/ ,(t) = |2t — s| for all ¢ € R. Hence
|IV_F, ,|(t) =2 > 0 unless t = s/2. Therefore Z has Property (AGg,,).

Proposition 5. Suppose that ' is Abelian, K is symmetric, m is symmetric and
B is uniformly convex, uniformly smooth, and real. If I' has Property (Tg), then
it has Property (AGg,,) for all 1 < p < co.

Proof. Let a = 7w+ ¢ be an arbitrary affine isometric action of I' on B with a
non-trivial linear part . Note that B’ is also a uniformly convex and uniformly
smooth real Banach space. Let v € B’ such that Fi/ ,(u) > 0. Set

TMu=u=d@u,  To(Vu=u—7(y)u,
0=> "meWw)], X =>_ mHyvHu,
Y(u) = Z m(y) (Y)u, Wu)=u—-Y(u)=u—X(u)—0
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for each v € K. By Proposition 2.3.2, we have

|V E, p|( O/ p — Z ||T ||p 1J T(’V)U)(TO('V)w)m(,y)

[[]]

for all non-trivial w € B’. For any v € K

HTu)(ToMW () = F(TH)w)(To(v)u = To(7)Y (u))

JT )T (V)u =T (7)Y (u))

IT()ull = J(T()W)T (7)Y (u)

IT(y)ull = T )u+TEY (@) = [T()ull}
2|T(y)ull = IT(v)u+TE)Y ()]

v

Because ), ., m(x) = 1, we have

IT(7)u+ T ()Y (u)

= [ moT+TE) (Z m(m)a'(m)u)

reEK KEK

= I m0)T()u+ Ty(y) (Z m(n)o/(n)u> +>_ m(r)e()]

rkeK reEK

= D" m(r) (T()u+T(7)e (r)u)

KEK

< D mW|T()u+T)a (k)]

reK

for all v € K. Since I' is Abelian, we have

T(y)a'(k)u = o

for all v,k € K. Hence we get
IT(v)u+ T () ()ull = |T(v)u+ 7' (k)(T(7)u)]]

for all v,k € K. Due to Property (Tp), there exists C'(n’) > 0 such that any
v € K satisfies

IT(v)u = (k)T ()w)]| = C@) T )ull
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for some k., € K. Since B’ is uniformly convex, we have

1 e LU
2 H Tl T TGl

> 0p (C(7))

for all v € K with T'(y)u # 0. Then we have
20T)ull = IT(v)u + 7' (k)T (Y)ull = 205 (C(@NIT()ull

for all v € K. On the other hand, by Holder’s inequality,

1/p
W) <> m)ITH)ull < (Z m(V)HT(V)U”p) = Fo,p(u).

yEK YEK

Therefore, in the case that ||W(u)|| # 0, we have

2 Wl
S T S T Tt T,
2 [l
o) CITG = [T+ w T,
2 2 1Tt 7] ")
> ;HT(V)uup—lminﬁeK m(“);jfpiu; ))“T(V)U“mw)
— i m(0)26 (C(7) a0,

that is, C' 1= 20/ (C(7')) mingex m(k) < |V_Fy p|(u).
In the case that ||W(u)|| =0, if O = u — X (u) # 0, we have

W(au) = au — X(au) — O = a(u — X (u)) — O = (a — 1)O

for a € R. Hence W (au) # 0if a # 1. Because T'(7)(au) = T'(v)u—(1—a)To(y)u,

we have

T(y)(au)  T(y)u
IT(y)(aw)]| T ()ull
_ T — (1 = a)To(y)u T(y)u || T(y)(aw)]|
IT(7)(au) | T (1T ()l
_ (1_||T(7)(CW)II> T(y)u (- To(y)u ‘
IT(v)ull ) 1T(y)(au)] 1T(7)(au) |
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for all v € K with ||T(y)(u)|| # 0 and @ < 1 which is sufficiently close to 1.
Hence, by Proposition 1.3.5, j(T'(y)(au)) converges to j(T(v)u) in B* as a — 1
for all v € K with ||T'(v)ul| # 0. For v € K with || T(y)u|| = 0, we have

lim 1T () (aw) |P~5(T(7) (au))w| < lim 1T () (@) [P~ {lw]| = 0

for all w € B. Thus, using the conclusion in the case that W(u) # 0 and the
proof of Proposition 2.3.2, we have

¢ <t Y 7)) )

Z W (aw)]
= lim (au)||P~ L au Mm
- }L/12’}I€ZKHT ’ <T<7)( ))HW(CW)H (7)
p— 1 —0
= 27;(||T VullP 5 (T (y)u )||0|| m(7)
< Vo Fy p|(u).

On the other hand, if O = 0, v must be trivial. We prove this by contradiction.
Suppose u is non-trivial. By Property (75), there exist C(7') > 0 and v € K
such that |7/ (7 )u — || > C(7")||u||. Since B is uniformly convex, we have

7" (1) u + u

1—
i

> 0p/(C(m)).

Since W (u) and O are trivial, we have u = X (u). Hence we obtain

[2u]l = JJu+ X(u)]
- ;(m (u+ 7' (7)u)
< é{m Mw+ 7 (y)ull
< :71(71)(2—253/(0(7r')))||u||+ > m) ()l

YEKv#Fm
< 2ful| = 20p/(C(7"))m(y1)||ull
< |I2u||.

This is a contradiction. Hence we conclude that w is trivial, and w € B'\{u}
satisfies W (ew) # 0 for all € > 0. Because T'(7)(ew) = €T'(y)w — (1 —¢€)[c(7)] and
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Ty)(ew) — T()u ‘
[T (el [T()ull
Tw— (A=l ThHu T

w)|

1T () (ew)]| 17 () (ew)]| HT UH H
_ | T)w (1_6_ 1T () (ew )H) Ty H
TG (Ew)l] 1T (7)ull HT(”Y)(EW)H

for all v € K with [|T(y)u|| # 0 and sufficiently small e. The last line of the
equality above approaches zero as € — 0. Since W (ew) = ¢(w — X (w)) = eW (w),
as in the case that O # 0 and ||W(u)|| = 0, we have

’ﬂ

= 1J(T)(ew))(To(V)W(ew))
¢ < g2 ITO)ewl [ (ew)] )
- 2;|\T<v>unp-w<w>u>H%E;‘@Hm(w
< |V_Fy p|(u).
This completes the proof. O

Note that the assumption that I" is Abelian is used only for the case that u
satisfies ||V (u)|| # 0. Hence, if there exists C' > 0 satisfying |V_F, ,|(u) > C for
all w € B with W (u) # 0, we can show Proposition 5 without the assumption.
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Chapter 5

A generalization of a result of
Zuk

A. Zuk gave a criterion for a finitely generated group to have Property (T) in
[Zuk03]. We will generalize the result to the case of uniformly convex and uni-
formly smooth real Banach spaces.

5.1 Preliminaries

Let I" be a finitely generated group, K a symmetric finite generating subset of I"
not containing the identity element e of I'. Let (B, || ||) be a uniformly convex
and uniformly smooth real Banach space. Fix p with 1 < p < oo in this chapter.

We set L(K) to be a finite oriented graph whose vertex set is K and edge set
isT:={(7,7) € K x K:~v'y € K}. Note that (y,7,7v 7)€ K x K x K
if and only if (y7!,71,v) € K x K x K. Hence (v,7") € T if and only if
(v ) eT. Set K2 ={yy € :v,7 € K}. Then K’ := K U K*\{e}
is a symmetric finite generating subset of I, and L(K’) is connected. Indeed,
all elements in K are connected in L(K') and, for any v,y € K, v~y and 7
are connected in L(K'). Hence we may assume that L(K) is connected. We
denote by deg() the degree of vertex v € L(K), that is, the number of edges
adjacent to 7. Since L(K) is connected, deg(y) > 0 for all v € L(K). Note that
deg(y) = deg(y™") for all v € L(K) and Y~ _, deg(v) = |T.

We define * : B — B* by u* = ||u||P~'j(u) for each v € B. Although * is not
linear, (—v)* = —v* for all v € B. Besides, by the uniform continuity and the
uniform smoothness, * is one-to-one from B onto B*. Thus we can write w € B*
as w = v* by an appropriate v € B. Conversely, any u € B is written as (u*)*.
For uw € B, we say u* to be the dual of u, and u the dual of u*. The map *
is continuous. Indeed, the continuity at 0 is obvious. By Proposition 1.3.5, for
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v € B\{0}, we have
o

= el ) — )
HelP () — ()|
lolP" ps (2

B*
B+ I( ||v|” ' IIU||” 1) ()|

“al) /I

for all w € B\{0}. Since pg(7)/7 — 0 as 7 — 0, * is continuous at v.

For u € B, ||u*||g- = ||u|]|P~* = ||u|[*/9, where q is the conjugate exponent of p,
that is, ¢ = p/(p—1), which satisfies 1/p+1/q = 1. Hence u*(u) = |[ul|? = ||u*||%-
for all w € B. Conversely, for u,v € B, if v*(u) = ||u||” = ||[v*||%-, then we have
v* = u*. Indeed, u = 0 if and only if v* = 0. If v* # 0, since

() (w) = v*(w)/||v"]

we have j(u) = j(v). Hence we obtain

IN

B*

||+ HolP =

IN

u

= [l TP = [l SV = Jul],

B* =

* -1 - % -1 . -1 - %
vt = ol () = o[BG () = ullP(u) = ut

We denote v*(u) by (u,v*) for each v,u € B. Note that |(u,v*)| <
for all u,v € B.
Let 7 be a linear isometric representation of I' on B. For each v € T', define

7*(y) to be an operator satisfying (u,7*(y)v*) := (x(y 1)u,v*) for u,v € B.
Then 7* is a linear isometric representation of I' on B*. Indeed, for any v € T,

since |7 (y)v|| = ||v||, we have
[ollll7* ()v* | 5= = (m(y)o, 7" (v)0") = {v,v") = [[v]]",
that is, [[7*(7)0" 13- > [lol}~" = [[o*|5- and

B = ”Slﬁp (u, 7" (y)v*) = ”Sl”lp (r(y Hu,v*) < ”81”lp [[ul[[v7]
ul|l=1 ul|=1 ull=1

I (7)o"

Bx —

for all v € B. Hence 7*(7y) is an isometry. Since 7*(y)7*(y~!) is the identity map,
7*(7y) is surjective. Therefore 7* is a homomorphism from I' into O(B*), that is, a
linear isometric representation of I' on B*. Furthermore, since (7(y)v, 7*(y)v*) =
[0l = flw(y)oll” and |[7*(~)v"]
forallv e B and v €T

Let M be the linear space of all maps from K to B, and M, be the linear
space of all maps from K to B*. For f € M, we denote by f* the map sending

*

B = llv*[|7 = ||v||P, we have (7 (y)v)" = 7*(7)v

v € K to (f(v))* € B*. Since * is one-to-one, every map in M, is written as f*
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by a certain f € M. Also, every g € M is written as (¢*)* by a certain g* € M..
We say f* to be the dual map of f, and f the dual map of f*.
We define norms on M and M, by

deg(7) 1
1l —<Z|rf Je ) an

yEK

1/q
_ e deg(v)
M, -— (Z Hg (7)”3* |T| )

yeEK

for each f € M and g* € M, respectively. Then M and M, become uniformly
convex real Banach spaces (see [Bea85]). We define a bilinear mapping on M x M,

by

(f,g") = Zuw»ww»%ﬂ”

yEK

for each f € M and ¢g* € M,. Using Holder’s inequality, we can easily show that
(£ g < W lallg™llae. and (F, ) = [1f 13 = 1173, for f € M and g* € M..

Lemma 5.1.1. We can regard g* € M, as a continuous linear functional on M
by g*(f) == (f,g*) for each f € M. This correspondence induces an isometric
1somorphism from M, to M*, where M* is the dual Banach space of M.

Proof. Let g* € M,. Obviously, ¢g*(-) is li
for all v € K. Hence

m. =0, then ||g*(7)|lg- =0

" ) " ey deg(y
I = sup lg*(Pl= s [(Fg) < s SO0, SED ~o.
If1lnr=1 1f1lar=1 Ifllr=1 | 5 |T|
Suppose ||g*||ar, # 0. Then ||g||ar # 0. We have
19" lae- = sup [(f,g7)]
1 lla=1
deg g
= sup Z fly |T(| )
Ifllar=1 | St
> 3 (9(1), 9" (7)) deg(v)
o gl T
g™ |l
1912
Since [|gllxr = |95 = 9" 157" = lg" 147", we obtain [|g*[[ar. < [lg*|as+- On
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the other hand, using Holder’s inequality, we have

* — deg( )
Iolr- = |34, 6"
d
< (Zuf Mllg* ()l lgTﬂ”))
B yeK

< (S1rorE) (i, )
B I fllar=1 ek |T| fpert B* |T|
— "l

Therefore, ||g*||a. = ||g*||a+ for all g* € M,, and ¢g*(-) € M*. In particular, the
correspondence is injective.

Next we prove that any g € M* has a map in M, corresponding to g, that is,
the correspondence is surjective. For each v € B and v € K, we define v, € M
by v,(y) = v and v,(y') = 0 for other o/ € K. Then every f € M is written as

> e (f(7))y. We define g5 € M. by g5(7)(v) := g(v,)[T'|/ deg() for each v € B
and v € K. Then, since g is linear, for any f € M, we have

de
) = X (00 = ¥ s “EL = (1.4 = 6505
veEK ~yeK
Therefore g;; corresponds to g. This completes the proof. O

This lemma implies that M is uniformly smooth, because M, is uniformly
convex and the dual Banach space of a uniformly convex real Banach space is
uniformly smooth. Similarly, we can show the following

Lemma 5.1.2. We can regard f € M as a continuous linear functional on M,
by g*(f) :== (f,g") for each g* € M,. This correspondence induces an isometric

*

isomorphism from M to (M,)*.
Hence M, is also uniformly smooth. Set
Cli={feM: f(y7)=—n(y"")f(y) for all y € K},
Ci={9" e M.:g"(v"") = 7" (v ))g"(7) for all y € K}.

We can easily see that C! is closed in M, and C} is also closed in M,. Hence C*
and C! are uniformly convex and uniformly smooth real Banach spaces. More-
over, since every f € C! satisfies

O =00 ==r0 ) == (v ) ()

for all v € K, f* € C!. Conversely, every map in C} is the dual of a map in C*.
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Lemma 5.1.3. The correspondence in Lemma 5.1.1 induces an isometric iso-
morphism from C} onto (C')*.

Proof. For g* € C!, since ¢ € C*, as in the proof of Lemma 5.1.1, we have

lg*llcx (= llg”]
map in C} corresponding to §.

m.) = |lg*|l(c1y-- Hence we should show that any g € (C')* has a

We denote by Hom B the dual linear space of B. Note that we are using the
symbol B* for the dual Banach space, and Hom B is different from B* in general.
For each v € T, we set (7*(y)w)(v) := w(w(y~)v) for each w € Hom B and
v € B. Then 7*(y) is a linear operator for all v € I', and 7* is a homomorphism
from I" into the group of all bijective linear operators on Hom B. We can regard

C! as

{(f(v)) ce@B, : () =—nm(y)f(y) forall y € K} :

vyeK

where B, is a copy of B indexed by each v € K. Since K is a finite set, we have
Hom (D, B,) = @, Hom B,. Hence Hom C" is isomorphic to

@Hova/ {(h(v)) € @Hova : Zh(v)(f('y)) =0forall f e Cl} :

yeK yeK yeK

For an arbitrary vy € K, we take f € C! such that ||f(7)|| = 0 unless v = 7 or
v=" " If v #7", then we have

SO = h(w)(f(0) + (e D (F(w )

yeK

= h(7)(f(10)) + h(vo ) (=7(v% ") ()
= h(%)(f(0)) — (@ (v)h(e ) (f (1))
= (h(70) = 7 ()h(%5 ")) (f(0))

for all (h(7)) € @, cx Hom B,. If 7o = 75", then we have

>

> () =

yEK

(h(70)(f(70)) + P76 ) (f (%))

N~ N

((h(0) = 7 (v0)h(0 ) (f ()

for all (h(7)) € @, cx Hom B,. Any map in C" is described as the sum of maps
such that the values of each of these are trivial except for a certain element in K
and its inverse. Hence (h(7)) € . cx Hom B, satisfies 3, h(7)(f(7)) = 0 for
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all f € Ct if and only if it satisfies h(y) = 7*(y)h(y!) for all ¥ € K. Therefore
Hom C! is isomorphic to

@Hom B,y/ {(h(7)) : h(y) = 7*(y)h(y7") for all y € K} .

Every (h(v)) € @D, cx Hom B, is decomposed as

(h(7)) = (h(v) - W*z(v)h(v‘l)> N <h(7) +7T*2(7)h(7‘1)> |

and satisfies

i1y (M) =T (Vh(yh) h(v™") =7 (v H)h(v)
) (M=)

and

ety (P + T RO _ A7) + 7 (DA

™) 5 = 5 .
On the other hand, for (h(7)) € @, Hom B, h(v) = —7*(y)h(y~") and h(y) =
7 (y)h(y!) for all v € K if and only if (h(y)) = 0 for all v € K. Therefore

@D, cx Hom B, is isomorphic to

{(h() + h(7) = 7" (MR} @ {(h(7))  h(y) = =7"(Nh(¥™H},

and hence Hom C* is isomorphic to

{(h(y)) € @Hom B, : h(y) = —7*(y)h(y7") for all v € K} :
yeK

Let g € (C')*. For each v € B and v € K, we define v, € M by v,(y) = v and
vy(7") = 0 for other v € K. We define g5 € M, by g5(v)(v) := §(vy)|T|/ deg(y)
for each v € B and v € K. Then, as the proof of Lemma 5.1.1, we can show
that g(f) = g;(f) for all f € C'. Because g € Hom C*, gi € Hom C'. Regarding
Hom C' as a subspace of ®7€K Hom B, as above, we see that g5 € Hom C'NM, =
C!l. Therefore g = g. This completes the proof. O

Let C? be the linear space of all maps from T to B, and C? the linear space
of all maps from T to B*. As in the case of M,, for h € C?, we denote by h* the
dual map in C? sending (v,7") € T to (h(v,7'))* € B*. We define norms on C?

and C? by
1/p 1/q
11 ) 10|+
[l = and [|I*]|cz = ,
tel |T| teT |T’
54




then C? and C? become uniformly convex and uniformly smooth real Banach
spaces as M and M,. We define a bilinear mapping on C? x C? by

o= 3 O 0)

for each h € C? and I* € C2.

We define a linear operator d° : B — C' by (d°u)(y) = n(y)u — u for
each u € B and v € K. We also define a linear operator d' : C' — C? by

(d'f)(v. ) = f() = f() + 7(N)f(771Y) for each f € C' and (v,7) € T.
Similarly, we define a linear operator 6° : B* — C! by (6%*)(y) := 7*(y)v* — v*
for each v* € B* and v € K. We also define a linear operator §' : C! — C? by
(0'")(1:7) = g*(7) = g"("") + 7*(7)g* (v~ 1Y) for each ¢g* € C} and (v,7) € T.

Lemma 5.1.4. d' o d° = 0.

Proof. Every u € B satisfies

(d' o d®u)(v,7) = d'(x(-)u—u)(v,7)
() —u) = (7(Y)u —u) + 7(y)(w (v 1y )u — u)
-0

for all (v,7') € T, that is, d' o d’ = 0. O
Lemma 5.1.5. ||d']| < 3.

Proof. For f € C' we have

3 (Gl 3 Lf ()P
T (1 Ty T

Y hyT)ET

_ 3 1f I
(7//(7/)7177//)67" ’T‘

= 3 eI E,

,YNGK ‘T’

(v")ET
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where we write v~y as 7”. Therefore we have

1" flc=
1/p
_ () =)+ 7 f G A)IP
E (%’YZ)GT 7l )
1/p
ULF I+ NF A+ () f )P
: (%’YZ)ET ’T| )
<

( s I/t >|p)”+( s I/t >p>”+( > fwww)”
7] T T

(r)eT (y")eT (r)eT

_ e dee)

yeEK

=3[/ lar-

3=

]

Let d* be the adjoint operator of d° defined by (u,d*¢*) := (du,g*) for
each v € B and ¢g* € C!. Let 6* be the adjoint operator of 6 defined by
(6% f,v*) := (f, %) for each v* € B* and f € C'.

Lemma 5.1.6. For g* € C! and f € C*
de . de
— —QZ |§| and 0" f = _QZf(V) é(ﬁ)
vEK yeK
Proof. Foru e B and v € K
(@u(v),9°(7)) = (7(V)u—u,g"(7))

= (u,m* (v g (7)) — (. g* (7))
= (u,—g" (") — (u, 9" (7).

Since K is symmetric and deg(vy) = deg(y™!) for all v € K, we have

(du,g%) = Z<dOU(7),9*(7)>de|gT(|7)
_ v -1y deg(7) o deg(v)
- ;(ua_g (7 >> |T| _’YGZK@L?Q (7)) |T‘
deg 7)
= 22l )Ty
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for all w € B. This implies (u,d"g") = (u, =23 ., g"(7)deg(y)/|T]) for all
u € B, hence the expression of d* is obtained. The proof of the expression of §*
is the same as that of the expression of d*. n

Lemma 5.1.7. ||0%| < 2.

Proof. For f € C', we have

d
sl = H 2y () eﬁﬂ ‘
yeEK
d
< (2Nf j%)
pdeg 7) w deg(v) v
yeEK yeEK
= 2[|flln-
Hence ||0%| < 2. O

Let B! be the kernel of d'.

Proposition 5.1.8. Suppose that m has no non-trivial invariant vector. If there

exists C' > 0 such that (5* f,d* f*) > C(f, f*) for all f € B, then we have
max [|(d°u)(7)]| = max |7 (y)u - ul| > 9||U||
vEK vEK -2

for all u € B.

Proof. If B is 0-dimentional, then the proposition is obvious. Suppose that B
is not O-dimentional. Since m has no non-trivial invariant vector, d°(B) contains
a non-trivial vector. Since d°(B) C B! by Lemma 5.1.4, B! also contains a
non-trivial vector.

First, we prove that the assumption implies that d°6* : B' — B! has a
bounded inverse. By Lemma 5.1.5, d' is bounded, hence B! is a closed subspace
of C'. By the assumption of the proposition, we have

Cllfl5 = Cf, f7) < (%" f, ) < ||d°6*

for all f € BY. Since || f*|ar. = [ FI57 = IR 7 = I £I5;", we have C|| f[lr <
|d°6* f||ar for all f € BY. This implies that d°6*(B*') is closed in B*.
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Suppose that d°6*(B?) is properly contained in B'. Then there exists f, € B!
such that ||fo — d°6*B'|| > 0. Hence, by Hahn-Banach theorem, there exists
g1 € (B')* such that

a1ll(ry- =1, G1(fo) = || fo — d°0*B'|| and §i(d°6*f) =0

for all f € B!. Thus, again by Hahn-Banach theorem, there exists g € (C!)*
such that

92 llcry = ll3ullBry and g5(f) = gu(f)

for all f € B'. In particular, we have g5(d°0*f) = 0 for all f € B'. On the
other hand, since B! is a uniformly convex and uniformly smooth real Banach
space, we can take g, € B! satisfying g;(g;) = ”*61”((13 e = llg1][%,- Hence we have
93(91) = 1(g1) = |lg1]/%,- Since (C')* is isometrically isomorphic to C}, which is
3|[ar.. Therefore g3(g1) = |lg1ll3, =

a subspace of M., [g5[c1- = llg3
||%,.. Since the dual map of g5 is unique by the smoothness of M,, g, must be

195 1%
coincide with g,. By the assumption of the proposition, we have

= g5(d°"g1) = (d°6" g1, 93) > Cg1. 93) = Cllai [t = Cllaall{pi). = C > 0.
This is a contradiction. Thus d°§*(B') = B!, that is, d°§* is surjective.
Since C|| f|lar < ||d°6* f||as for all f € B, d°5* is bijective and has the inverse
(d°6*)~1 . BY — B'. Moreover, we have ||(d°6*) 7 ||gi_p < C~1, where || ||, B,
denotes the operator norm of an operator from a Banach space B; into a Banach

space By. Hence (d°6*)~! is bounded.
We prove the proposition by contradiction. Suppose that there exists a non-

trivial u € B satisfying
C
0 —
max | (@) ()] < S lul.

Then we have

ully = S I 0ePEED < 3 (Sl ) S5 — (Spar)

yEK yeK

which gives ||d®u||ys < Cllul|/2. Let us consider §*(d°6*)~'d°u € B. We obtain
16(d"0") " d"ul| < 16| p1—pll(d°") " | pr—pr |d°ull g1 < 207 Clul| /2 = |Jull,
where || ||g1 = || ||ar. Thus 6*(d°6*)~'d°u # u. On the other hand, we have
d°(6*(d°6") 1" — u) = d°6*(d°0*) " 'd"u — d’u = 0.

Hence u' := §*(d°0*)'d°u — u # 0 satisfies 7(y)u’ — ' = 0 for all v € K, that is,
v’ is a non-trivial invariant vector. This contradicts the assumption on 7. This

proves the proposition. L]
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5.2 Proof of Theorem 6

Let us define D : C' — C? and D* : C! — C? as follows:

(DY) = f(0) = (), (D) () = () = f7(7)
for each f € C, f* € Cl and (v,7) € T.

Proposition 5.2.1. Every f € C* satisfies
* *k * 1 *
(Df, D" f) :<faf>+§<d1f751f )-
Proof. We have

d' f(v,7) = f(v) = F) +7()f () = (D) +7(0) f ()
and similarly
8 f*(1,7") = (D) (A ) + 7 (N ()
for all (v,7') € T. These implies

(DA, (D F) ()

= (d'f(v,7) - ( VF(y ), 8 () = 7 () ()
= (d'f(7,7),6 ( V) = f (v ) T () ()
—(r(y)f(y7! ’) F )+ m@)fO ), 7 () ()
= (d'f(7,7),6 ( V) = Ad f (v, ), T () ()
— (@) () + ) )
for all (v,~") € T. Thus we obtain
(Df,D*f)
_ <(Df)(%7’)7(D*f*)(’m’»%
(vY)ET
— @R - Y )T ) v>>,_3p|
(y)ET
1 1
" 2 O E gy ¢ 3 GO iy
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We have
ST 7)>|;| = PRI Ce O N 7)>|T|

(y"eT (vt )eT

1 * 1 L
= DR A O N O )>|T|

(") ~tA)eT

= ST, ey )

Y'eK

= (L,

On the other hand, since
d'f(v,7") = fO) = FO)+r(nNfO)

—1(V)(=m(y () + () = F(Y)
(N = fO) + 7))
= —n(nd' f(y ),

we get

(d ), () = (=r(d f( ) 7 () ()
= —(d'fOy ) ()
for all (,7') € T. Thus we have
Yo Ad () TG = - (d Oy ), ()
(y)eT (y"eT
= — ) AT )

(vt )er

= = > A0

(y"eT

Also, since

d'f(v,7) = fO) = FO) + () f()
= —(f(y") = f(y) = 7N (=r () F(() 1)
= —(f() =) +7(Y) () )
= —d'f(v,7)

for all (v,~") € T, we obtain
DA AT NG = Y ) ()

(r")ET (y")ET

= > Ad () )

(y")ET
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Therefore we obtain

> () ()07 g

(vET
- % > <d1f(%7’)77T*(7)f*(7_17')—f*(v’)+f*(7)>%
(yY)ET

= % > (d (A0 (s ’y)>‘;‘

(v")ET
1
— —<d1f, 61f*>
3
Similarly we get

> (H ) 0 ) = (L8

(yy)ET

Therefore, we obtain
(DEDFY) = (@' F.8 %) = (£, F%) = (.6 F%) + (f, f)
= LS+,
O

Let Ag be a discrete Laplacian acting on M defined as follows: For f € M

(Apf)() = f(5 deg Z fy

for each v € K. We define P: M — M by

P(f)() = £) + 2 -3 it defﬂ

v eK

for each f € M and v € K. Similarly, we define a map P*: M, — M, by

P*(g")(y) :== g"(7) + d;g - g =-> 9 (7’)defT<|7/)

for each g* € M, and v € K.

Lemma 5.2.2. The map P is a projection from M into
{feM:(f g)=0 for any constant map g* € M,}.

Stmilarly, P* is also a projection from M, into

{9 € M, : (f,g") =0 for any constant map f € M}.
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Proof. For f € M, we have

PP
= PO - X P<f><v’>—de|gT(|”

— // deg _ // deg ) deg(’y/)
AP R |T| -3 (- T o)
_ deg

= 100 3 10

- PO

for all v € K, that is, P is a projection. On the other hand, let f € M, and let
g* € M, be a constant map, that is, a map satisfying g*(7) = v* for some vector
v* € B* and all v € K. Then we have

(P(.g) = Z< -3 sen) B ,*<v>>de,§<|’”

. de ~deg(v) L\ de
= U0 |§(ﬁ)—§<%m> fT(r)> o
- o~ desln) N o de8(y)
= ;{U‘(v)’ ) =7 7;{O‘"(’H, )T
— 0.

This proves the lemma for P. A similar computation gives a proof for the case
of P*. O

Let us introduce an invariant of L(K), which is the smallest positive eigenvalue
of the discrete Laplacian Apg if B is a Hilbert space and p = 2.

Definition 5.2.3. We define

(Ag(
L(K)) := £
)\B,p( ( >) feM, (P(}?P *(f*))#0 P(f),P*

P(), P (7))
(fn

We emphasize that A\g ,(L(K)) is independent of the linear isometric repre-
sentations of I' on B.
Note that (Ag(P(f)), P*(f*)) > 0 and (P(f),P*(f*)) > 0 for all f € M.
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Indeed, for v € K,

Ap(P(f)(v) = P(f)(v) -

Hence we have

(Ap(P(f)), P ("))
_ 1 " deg(7”) \ deg(v)
_ Z<f(7) Gt 2= ! -2 IO > o

yeK (v,)ET Y'eK
deg( d
- ||f||ﬁ4—z< S penEy )> e
yeK y'eK
1
_Z< Z flv >|T|
YEK \ (v,
/I d ( ) ]‘
+z<z jon. 3 ren ) o
YEK \(y,y)eT Ve

Moreover, we obtain

{2 o)

ey L

(v,y)ET

1
Z LFQOMS () 5 ]

(ye

1/p 1/q
> I > Wl -
(r")ET d | |

1 a7 o
£ 115

IA

IA

I IA
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and

// d ) 1
S 3 0 X et o
veK \(v,y)ET Y'eK
) deg(7") \ deg(v)
- S {10 e
Hence (Ag(P(f)), P*(f*)) > 0. Using Holder’s inequality, we have
(P, P (f)
= (P()): ")
= (f+07f/2,17)
_ e ) deg(+")
= [I£1I5 <ZKf 2 7 >
deg " deg(v")
> SR - fly v
|20 T Z;( am
p deg(y " deg(v")
RSN Z 15 - 5
1/q
de deg(~”
> Al - (Z IOt )> (Z 15 5 )>
yeK y'eK
= A = [l lLf* |2z, = 0.
Lemma 5.2.4. Every f € M satisfies (Df, D*f*) = 2(Agf, f*).
Proof. By the definition of D and D*, we compute
Dy = Y <f('y)—f(v’),f*(v)—f*(v’»%
(v,v)ET
=2 ¥ U0~ S Wi
(v,¥")eT
= 2Z<deg(v)f('y)— > ) f*(v)>,—;,|
vEK (v")eT
_ 1 ) deg(v)
= 2;{<f(7) deg(v)(z,;;Tf(w f (7)> 7]
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Proposition 5.2.5. Every f € C! satisfies

Lty + 22D ey > (n (00) - 1005, 5)

Proof. By the definition of Ap ,(L(K)) and Lemma 5.2.2, we have
(Ap(P(N), P*(f7)) = App(LUK))(P(f ) ( )
= (LK) (P(f
r+ )

(1+"
< sean 012 (%) )

yeEK

= App(L(K)) ((f, fr = <5;f’ d*zf*>)

= A0l (1, 1) = 22 e e

— Ap,(L(K))

Using Lemma 5.2.4 and Proposition 5.2.1, we obtain

(2Ap,p(L(K)) = 1)(f, f7)

)
= 2 (LKD)~ (. )
< 2(aei). P+ 228 s ) - )

_ * ok AB,P(L<K))
= Dy, 0+ 22
= UYL O +

_ 1 1 1 rx )‘B,p(L(K))
= o)+ o

O°f, d*f*) = (f, ")

sl 51y (1 gy

(0°f,d"f7).
O

Theorem 6. If Ay 5 ,(L(K)) > 1/2 for every closed subspace B of B, then T
has Property (T's).

Proof. We should show that, for any non-trivial linear isometric representation
7 of I' on B, there exists C' > 0 such that max,cx ||u — 7' (y)u|| > C||u|| for all
u € B' = B/B™"). Note that the representation 7’ of I' on B’ has no non-trivial
vector. Applying Proposition 5.2.5 to B’ and n/, we obtain

(5 f.df) > 2 (2 _ U1

1
Mg p(L(K ))
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for f € B'. By Proposition 5.1.8, if Ap/ ,(L(K)) > 1/2, we obtain

mag [ = 7'l = (2= 1/ A (LU ]

for all w € B’. This completes the proof.
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